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GENERATORS OF THE PLANE CREMONA GROUP
OVER THE FIELD WITH TWO ELEMENTS
JULIA SCHNEIDER
Abstract. The plane Cremona group over the finite field F2 is gener-
ated by three infinite families and finitely many birational maps with
small base orbits. One family preserves the pencil of lines through a
point, the other two preserve the pencil of conics through four points
that form either one Galois orbit of size 4, or two Galois orbits of size 2.
For each family, we give a generating set that is either parametrized by
the rational functions over F2, or by a conic in the affine plane over the
rational function field of F2. Moreover, we describe the finitely many
remaining maps and give an upper bound on the number needed to
generate the Cremona group.
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1. Introduction
The Cremona group of rank n over a field k is the group BirkpPnq of
birational maps of the projective space Pn that are defined over k. We are
interested in the following question: Is there a “nice” set of generators of
the plane Cremona group over a fixed field? It is classically known that over
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an algebraically closed field, the Cremona group of rank 2 is generated by
PGL3pkq and the standard Cremona transformation given by rx : y : zs ÞÑ
ryz : xz : xys. Over other fields, this question was already studied by Kantor,
who gives in 1899 a list of sixteen types of birational maps that generate the
Cremona group over the rational numbers Q [Kan99]. In general, generating
sets are larger and more complicated over non-closed fields. A (long) list of
generators can be found in [Isk92, IKT93] for any perfect field. For certain
fields such as the field of real numbers, generating sets have been described
more explicitely [BM14,RV05,Zim18].
In this paper, we are interested in finding an explicit description of a
generating set for the Cremona group over the finite field F2. We chose to
investigate the smallest finite field as we expect its generating set to be the
easiest to describe. However, note that for all finite fields, the Cremona
group is infinite and not finitely generated. More precisely, there exists a
surjective group homomorphism
BirkpP2q։ ˚
i“1,2,4
à
Ii
Z{2Z
where the direct sums run over infinite indexing sets (because over any finite
field there exists an irreducible polynomial of each degree), and each of the
three direct sums corresponds to a family Ji of birational maps between
conic bundles: (1) J1 is the group of birational maps preserving the pencil
of lines through one point, (2) J2 is the group of birational maps preserving
the pencil of conics through four points that form two Galois orbits of size
2, and (3) J4 is the group of birational maps preserving the pencil of conics
through a Galois orbit of size 4 [Sch19]. In this paper, we present generators
of BirF2pP2q: Three infinite families (that correspond to the three families
of the direct sums), and finitely many more birational maps (see Theorem 1
and Theorem 2 below).
Note that we do not use the list of generators from [Isk92]: As their
approach works for any perfect field, it is very long and not straight for-
ward to use it for our purposes. Instead, the starting point is the set of
generators of BirF2pP2q that was obtained in [Sch19, Corollary 6.14] for all
perfect fields using Iskovskikh’s decomposition of birational maps into Sark-
isov links [Isk96]. It states that the Cremona group over F2 is generated
by the Jonquie`res transformations J1, the groups J2 and J4 (which con-
sist of maps preserving a certain fibration P2 99K P1), and by the set Gď8
that consists of the birational maps whose base orbits are of size ď 8 (see
Proposition 2.1).
This paper is divided in two parts: In Section 3 we discuss the three
infinite families J1, J2 and J4 and for i “ 2, 4 we find sets Λi Ă Ji such
that Ji is generated by AutF2pP2q, J1 and Λi. In Section 4 we describe
the finitely many remaining maps of Gď8 and give an upper bound on the
number needed to generate BirF2pP2q. We give now an overview of both
parts, state the results and explain the strategy.
The infinite families. We denote by Ji the group of birational maps that
preserve the fibration pii : P
2
99K P1, that is
Ji “ tf P BirF2pP2q | Dα P AutF2pP1q : pii ˝ f “ α ˝ piiu,
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where pii : P
2
99K P1 is one of the following:
(1) pi1 : rx : y : zs 99K ry : zs, and so J1 is the group that preserves the
pencil of lines through r1 : 0 : 0s, which is the group of de Jonquie`res
transformations,
(2) pi2 : rx : y : zs 99K rx2 ` xz ` z2 : y2 ` xys, and
(3) pi4 : rx : y : zs 99K rx2 ` xy ` z2 : y2 ` xzs.
So J2 respectively J4 corresponds to the group of birational maps that pre-
serve the pencil of conics through four points P2 Ă P2pF4q respectively
P4 Ă P2pF16q (see page 9 for coordinates). We equip the projective plane
with the action of the (absolute) Galois group GalpĎF2{F2q and one can ob-
serve that P4 is a Galois orbit of size 4, and P2 consists of two Galois orbits
of size 2.
The group homomorphism Πi : Ji Ñ AutF2pP1q gives rise to an exact
sequence
1Ñ KerpΠiq Ñ Ji Ñ ImpΠiq Ñ 1.
In the case of Jonquie`res transformations this gives a semi-direct product
structure of J1 as J1 “ PGL2pF2ptqq ¸ PGL2pF2q. For J2 and J4 we find
ImpΠiq » Z{2Z (Lemma 3.4) and find a set of generators Λi of KerpΠiq “
tf P Ji | pii ˝ f “ piiu that we describe explicitely.
Theorem 1. Let Λ1 Ă KerpΠ1q be the set that consists of all birational
maps of the form
rx : y : zs 99K rxzd : yppy, zq : zppy, zqs,
where p P F2ry, zsd is a homogeneous polynomial of degree d. Then, the
group J1 is generated by AutF2pP2q and Λ1. For i “ 2, 4, the group Ji is
generated by AutF2pP2q, Λ1, and a family Λi, where Λi Ă KerpΠiq consists of
the birational maps whose base points are in Pi or lie on x “ 0. Moreover,
the elements of Λi are involutions of the form
rx : y : zs 99K rx : λx` y : µx` zs,
where pλ, µq P A2pF2ptqq is such that
(1) λ` µ2 ` tpλ2 ` µq “ 0 and t “ x2`xy`z2
y2`xz if ϕ P Λ4,
(2) pλ2 ` λqt` µ2 ` µ “ 0 and t “ x2`xz`z2
y2`xy if ϕ P Λ2.
Hence, Λ2 and Λ4 are parametrized by a conic in the affine plane A
2pF2ptqq.
However, in the cases J2 and J4 we deal with conics over F2 and so strange
things can occur. For example, there exists a line that is tangent to all conics
through the four points of P4 (respectively P2), and this line is unique. In
fact, in both cases this line is given by x “ 0 (see Lemma 3.3).
We treat the cases J2 and J4 together by considering the conic bundle
obtained from the blow-up ρi : Xi Ñ P2 at the four points Pi. We start by
seeing that birational maps Xi 99K Xi with base orbits of size 1, or more
precisely their conjugation with ρi, are generated by AutF2pP2q and by the
Jonquie`res maps. When we want to study base orbits of larger size, we
stumble upon the field of rational functions F2ptq, which is not perfect and
thus some theorems that are usually taken for granted fail. (For example,
(1) smooth is not the same as regular, (2) the conic tx2 ` y2 “ 0 in P2 is
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reduced over F2ptq but not reduced over the finite extension F2p
?
tq, which is
not possible for perfect fields [Liu02, Proposition 2.7].) We observe that the
generic fiber of Xi Ñ P1 is a conic in P2pF2ptqq with no F2ptq-points. So X
has no sections. Instead we introduce double sections (see Definition 3.11)
on Xi. The key example of a double section is the pull-back of the line x “ 0
in P2. We introduce a singular surface Yi such that double sections on Xi
correspond to sections on Yi. With a birational map Yi 99K P
1 ˆ P1 and a
Lagrange polynomial on P1ˆP1 we are able to put the large base orbit on a
double section, which we then can deform via maps in AutF2pP2q and J1 to
the smooth double section that corresponds to the pull back of x “ 0. This
proves then Proposition 3.24, which is the key ingredient to the geometric
part of the proof of Theorem 1. Having the geometric description allows us
then to prove the explicit part of the theorem.
Finitely many more maps. To study elements of Gď8 we investigate
Sarkisov links between rational del Pezzo surfaces S (by which we mean
that there exists a birational map ρ : S 99K P2 that is defined over F2) of
Picard rank 1. These surfaces are exactly the rational Mori fiber spaces
over a point. In fact, there are only four isomorphism classes of them: The
projective plane P2, one quadric Q Ă P3, one del Pezzo surface D5 of degree
5 and one del Pezzo surface D6 of degree 6. Up to automorphisms of the
del Pezzo surfaces, the Sarkisov links S 99K S1 with S1 ‰ S are unique. We
prove that AutF2pSq (seen on P2 via conjugation with a simple birational
map ρ : S 99K P2) is generated by J1 and AutF2pP2q. So it remains to count
the Sarkisov links S 99K S of type II. These are all given by the blow-up
of a Galois orbit on S of size d, followed by the contraction of an orbit
of size d. (For each S, Iskovskikh gives a list with all possible orbit sizes
d [Isk96].) In particular, the Galois orbit on S is in general position on S
(see Definition 4.1), by which we mean that the blow-up X Ñ S at the orbit
is again a del Pezzo surface. So on each possible S we count all Galois orbits
of size d that are in general position, up to automorphisms of S. We do
this with the help of a computer (Proposition 4.2) and give all Galois orbits
explicitely; see Lemmas 4.8, 4.12, 4.18, and 4.27. These orbits give rise to
the following set of generators:
Theorem 2. The Cremona group BirF2pP2q is generated by Λ1, Λ4, Λ2 and
the set H Ă Gď8 that consists of the following 109 elements:
(1) There are 52 birational maps ψ : P2 99K P2 as follows
number of such
elements in H
size of
base orbit
description of ψ
2 0
automorphisms rx : y : zs ÞÑ rz : x : ys
and rx : y : zs ÞÑ rx` y : y : zs
2 6
blow-up of P2 at the six points, followed
by the contraction of the strict transforms
of the six conics through five of the points
10 7 Geiser involution
38 8 Bertini involution.
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(2) There are 23 birational maps ρ´1 ˝ψ˝ρ : P2 99K P2, where ρ : P2 99K Q
is given by the blow-up of P2 at an orbit of size 2, followed by the
contraction of the strict transform of the line, and ψ : Q 99K Q is a
link of type II of the following kinds:
number of such
elements in H
size of
base orbit
description of ψ
5 6 Geiser involution
18 7 Bertini involution.
(3) Let ρ : P2 99K D6 be the blow-up of P
2 at an orbit of size 2 and at
an orbit of size 3 in general position, followed by the contraction of
the strict transforms of the line through the orbit of size 2 and of the
conic through both orbits. Let pi : D6 Ñ P2 be the blow-up of P2 at
the coordinate points r1 : 0 : 0s, r0 : 1 : 0s, r0 : 0 : 1s defined over
F26.
There are 18 birational maps ρ´1 ˝ψ ˝ρ : P2 99K P2 of the following
kinds:
number of
such elements
size of
base orbit
description of ψ
1 2
pi ˝ ψ ˝ pi´1 : P2 99K P2 is the blow-up of
P2 at the three coordinate points and at
the orbit of size 2, followed by the
contraction of the conic through the five
points and the four lines through r1 : 0 : 0s
and one of the other points
2 3
pi ˝ ψ ˝ pi´1 : P2 99K P2 is the blow-up of
P2 at the three coordinate points and at
the orbit of size 3, followed by the
six conics through five of the points
4 4 Geiser involution
11 5 Bertini involution.
(4) There are 16 birational maps ρ´1 ˝ ψ ˝ ρ : P2 99K P2, where ρ : P2 99K
D5 is the blow-up of P
2 at an orbit of size 5, followed by the contrac-
tion of the conic through the five points, and ψ : D5 99K D5 is a link
of type II of one of the following kinds:
number of
such elements
size of
base orbit
description of ψ
4 3 Geiser involution
12 4 Bertini involution.
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Note that there is no Galois orbit of size 4 in general position on Q over
F2. Over other fields, this exists and would give another type of birational
map in the list.
Remark that the list of Theorem 2 is not minimal: For example, there
are maps in J2 or J4 that are Jonquie`res, and using relations it is possible
that not all of the 108 maps are needed to generate the Cremona group.
What about other finite fields? In characteristic ‰ 2 the description of the
infinite families might be simpler since conics have the “strangest” behaviour
in characteristic 2. The description of the maps in Gď8 as in Theorem 2 will
be similar but to compute the number of Galois orbits up to automorphisms
on the del Pezzo surfaces is computationally harder. Moreover, there could
be more groups corresponding to J2 and J4.
Finally, it is worth mentioning that Lamy and Zimmermann constructed
a surjective group homomorphism BirkpP2q Ñ ˚BZ{2Z for many perfect
fields, where B consists of all Galois orbits of size 8, up to automorphisms
of the plane, respectively the associated Bertini involutions [LZ19]. In an
involved counting argument of points in general position on nodal cubics,
they show that the size of B is at least the cardinality of the field (see [LZ19,
Proposition 4.17] for finite fields). In the case of F2 this gives two Bertini
involutions but we find in Theorem 2 that there are exactly 38, up to a
change of coordinates.
2. Preliminaries
We equip the projective plane with the action of the (absolute) Galois
group GalpĎF2{F2q. Note that on each point p in P2pĎF2q, the action of the
Galois group on p is generated by the Frobenius morphism given by
rx : y : zs ÞÑ rx2 : y2 : z2s.
So the Galois action on p is cyclic.
Proposition 2.1 (Cremona over perfect fields, Corollary 6.13, version for
F2). The group BirF2pP2q is generated by the subsets J1, J4, J2 and Gď8 of
BirpP2pF2qq, where
(1) J1 is the group of birational maps preserving the pencil of lines
through r1 : 0 : 0s (called the Jonquie`res maps),
(2) J4 is the group of birational maps that preserve the pencil of conics
through the orbit r1 : ξi : ξ2i s for i “ 1, . . . , 4, where the ξi are the
four roots of the irreducible polynomial x4 ` x` 1 in F2rxs,
(3) J2 is the group of birational maps that preserve the pencil of conics
through the four points r1 : 0 : ωs, r1 : 0 : ω ` 1s, r1 : 1 : ωs and
r1 : 1 : ω`1s, where ω is a root of the irreducible polynomial in F2rxs
of degree 2, which is x2 ` x` 1,
(4) Gď8 is the set of birational maps whose base points consists of Galois
orbits of size ď 8 (including automorphisms).
Proof. The main tools are [Sch19, Corollary 6.14 and Lemma 6.15]. The only
irreducible polynomial in F2rxs of degree 2 is x2 ` x ` 1. So two orbits of
size 2 (such that not all four points are collinear) can be sent to r1 : ω : 0s,
r1 : ω ` 1 : 0s, r1 : 0 : ωs and r1 : 0 : ω ` 1s with an automorphism of
GENERATORS OF THE PLANE CREMONA GROUP OVER THE FIELD WITH TWO ELEMENTS7
P2 [Sch19, Lemma 6.15]. With a change of coordinates we obtain the four
points r1 : 0 : ω ` 1s, r1 : 0 : ωs, r1 : 1 : ω ` 1s and r1 : 1 : ωs.
Now consider an orbit of size 4 in P2 such that no three of the four
points are collinear. So [Sch19, Lemma 6.15] provides the existence of an
automorphism such that the orbit is mapped onto the points r1 : αi : α2i s,
where the αi are roots of an irreducible polynomial in F2rxs of degree 4.
There are exactly three such polynomials: x4 ` x ` 1, x4 ` x3 ` 1, and
x4 ` x3 ` x2 ` x ` 1. We will call the roots of the first polynomial ξi and
will remark that there is an automorphism of P2 that maps r1 : αi : α2i s onto
r1 : ξi : ξ2i s. If α is a root of the second polynomial, a quick computation
shows that 1
α
is a root of the first polynomial. So applying rx : y : zs ÞÑ
rz : y : xs sends r1 : α : α2s onto r1 : ξ : ξ2s. If α is a root of the third
polynomial, an even quicker computation shows that pα` 1q´1 is a root of
the first polynomial, so the map rx : y : zs ÞÑ rx ` z : x ` y : xs sends
r1 : α : α2s onto rα2 ` 1 : α` 1 : 1s “ r1 : ξ : ξ2s, using α2 ` 1 “ pα` 1q2.
As automorphisms lie in Gď8, [Sch19, Corollary 6.14] finishes the proof.

As there are only finitely many orbits of size ď 8, the group Gď8 is finitely
generated.
3. The Infinite families J1, J2 and J4
We say that a map f P BirF2pP2q preserves the fibration pi : P2 99K P1 if
there exists an automorphism α P AutF2pP1q such that
pi ˝ f “ α ˝ pi.
We denote the group of all such maps by Jpi. The group homomorphism
Π: Jpi Ñ AutF2pP1q given by f ÞÑ α induces an exact sequence
1Ñ KerpΠq Ñ Jpi Ñ ImpΠq Ñ 1,
and so Jpi is generated by the the kernel and a set that surjects onto the
image.
The group of Jonquie`res J1. For any field k, the group J1 Ă BirkpP2q
of de Jonquie`res transformations consists of the maps that preserve the
fibration
pi1 : rx : y : zs 99K ry : zs,
that is, they permute the lines through r1 : 0 : 0s. The exact sequence from
above gives the structure of J1 as a semi-direct product
J1 » PGL2pkptqq ¸ PGL2pkq.
Locally (for example via px, yq ÞÑ rx : y : 1s), these are maps of the form
px, yq ÞÑ
ˆ
αx` β
γx` δ ,
ay ` b
cy ` d
˙
with α, β, γ, δ P krys, a, b, c, d P k with αδ ´ βγ ‰ 0 and ad´ bc ‰ 0. Since
PGL2pkq is well understood, the group J1 is well understood:
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Lemma 3.1. Let k be any field. Then PGL2pkq is generated by the matrices`
0 1
1 0
˘
,
`
1 1
0 1
˘
,
`
1 0
0 λ
˘
for λ P k˚. In particular, if k “ F2 then PGL2pF2q » Sym3 is generated by
the two matrices
`
0 1
1 0
˘
and
`
1 1
0 1
˘
.
Proof. The general linear group GLnpkq is generated by elementary matrices.
For the case n “ 2 they are of the form`
0 1
1 0
˘
,
`
λ 0
0 1
˘
,
`
1 0
0 λ
˘
,
`
1 λ
0 1
˘
,
`
1 0
λ 1
˘
.
Since
`
0 1
1 0
˘ `
1 λ
0 1
˘ `
0 1
1 0
˘ “ ` 1 0λ 1 ˘, we do not need ` 1 0λ 1 ˘. In PGL2, ` λ 00 1 ˘ “`
1 0
0 λ
˘´1
, and
´
1 0
0 λ´1
¯ `
1 1
0 1
˘ `
1 0
0 λ
˘ “ ` 1 λ
0 1
˘
. The first part of the statement
follows. For k “ F2, the projective linear group is isomorphic to Sym3 via
the action on the three F2-points on P
1. 
Lemma 3.2. Over an arbitrary field k, the group of de Jonquie`res trans-
formations J1 is generated by AutkpP2q and the set Λ1 that consists of maps
of the form
ϕ : rx : y : zs 99K rxzd : yppy, zq : zppy, zqs,
where p P kry, zsd is a homogeneous polynomial of degree d.
Proof. The kernel and a set that surjects onto the image of Π1 generate J1.
The image of the automorphisms rx : y : zs ÞÑ rx : ay ` bz : cy ` dzs in
PGL2pkq is
`
a b
c d
˘
, so the automorphisms of P2 surject onto the image. So it
remains to find generators of the kernel, which is isomorphic to PGL2pkptqq.
This is generated by the following matrices in PGL2pkptqq, corresponding to
birational maps on A2, correpsonding to birational maps on P2:`
0 1
1 0
˘
:px, yq 99K p1
x
, yq
f : rx : y : zs 99K rz2 : xy : xzs,`
1 1
0 1
˘
:px, yq 99K px` 1, yq
rx : y : zs 99K rx` z : y : zs P AutkpP2q,´
1 0
0 q
¯
:px, yq 99K p x
qpyq , yq
gp : rx : y : zs 99K rxzd : yppy, zq : zppy, zqs
where p P kry, zsd is the homogenisation of the polynomial q P krts of degree
d. Note that f is redundant, because f “ β ˝ gy ˝ α with the automorphisms
α : rx : y : zs Ñ ry : z : xs and β : rx : y : zs Ñ ry : x : zs. 
In particular, the points r0 : 1 : ts lying on the line x “ 0 where t is a
root of pp1, zq are base points of ϕ. Note that in the blow-up F1 Ñ P2 at
r1 : 0 : 0s, the pull-back of the line x “ 0 is a section.
From now on, we work over F2. In the cases J2 and J4 we construct a
similar set Λi that generate (together with AutF2pP2q and J1) the kernel of
Πi
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X4
Ó
P1
[1:1] [1:0] [0:1]
Figure 1: The singular fibers of X4 and the seven F2-points
Notation for the family J4. Let ξ P F16 be a root of the irreducible
polynomial f “ x4 ` x ` 1 P F2rxs. So the four roots are of the form
ξi “ ξ2pi´1q for i “ 1, . . . , 4. Thus, the Galois orbit P4 of r1 : ξ : ξ2s is an
orbit of size 4 consisting of the four points r1 : ξi : ξ2i s.
The linear system C4 of conics through the four points of P4 is given by
C4 “ ttpy2 ` xzq ` spx2 ` xy ` z2q | rs : ts P P1u.
This induces the fibration pi4 : P
2
99K P1 given by
pi4 : rx : y : zs 99K ry2 ` xz : x2 ` xy ` z2s,
and we denote by J4 the group of birational maps that preserve the fibration
pi4. The blow-up ρ4 : X4 Ñ P2 at P4 can be described as the projection of
X4 Ă P2 ˆ P1 to P2, where
X4 “ tprx : y : zs, rs : tsq P P2 ˆ P1 | tpy2 ` xzq ` spx2 ` xy ` z2q “ 0u.
We also denote the projection X4 Ñ P1 by pi4. In fact, pi4 : X4 Ñ P1 is
a Mori conic bundle. Figure 1 illustrates the singular fibers of the conic
bundle, and the seven F2-points on X4.
Notation for the family J2. Let ω P F4 be a root of the irreducible
polynomial f “ x2 ` x ` 1 P F2rxs. So the other root is ω2 “ ω ` 1. We
consider the two orbits Q1 “ tr1 : 0 : ωs, r1 : 0 : ω ` 1su and Q2 “ tr1 : 1 :
ωs, r1 : 1 : ω ` 1su in P2 and denote by P2 the union of the four points. The
linear system C2 of conics through P2 is given by
C2 “
!
typx` yq ` spx2 ` xz ` z2q | rs : ts P P1
)
.
This induces the fibration pi2 : P
2
99K P1 given by
pi2 : rx : y : zs 99K ry2 ` xy : x2 ` xz ` z2s,
and we denote by J2 the group of birational maps that preserve the fibration
pi2. The blow-up ρ2 : X2 Ñ P2 at P2 can be described as the projection of
X2 Ă P2 ˆ P1 to P2, where
X2 “ tprx : y : zs, rs : tsq P P2 ˆ P1 | typx` yq ` spx2 ` xz ` z2q “ 0u.
We also denote the projection X2 Ñ P1 by pi2. Note that pi2 : X2 Ñ P1 is a
conic bundle, but not a Mori conic bundle. Figure 2 illustrates the singular
fibers and the F2-points in X2.
We study the two cases J4 and J2 together. When we deal with both
cases simultaneously, we will use the ‚-notation:
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X2
Ó
P1
[1:1] [1:0] [0:1]
Figure 2: The singular fibers of X2 and the seven F2-points
X‚ P1
P2
pi‚
ρ‚
,
where ρ‚ : X‚ Ñ P2 is the blow-up of P2 at the four points P‚, and pi‚ denotes
the conic bundle X‚ Ñ P1.
We first observe that there exists a “strange” line since we work over F2.
Lemma 3.3. There exists a unique line L Ă P2pĎF2q that is tangent to all
conics defined over ĎF2 through P‚, namely the line given by x “ 0.
Proof. First of all, observe that for all λ P ĎF2 there exists a unique α P ĎF2
such that α2 “ λ.
Inserting x “ 0 into the equation of a general conic in C‚ gives λy2`µz2 “
pλ1y ` µ1zq2 for some λ, µ P ĎF2, where λ1, µ1 P ĎF2 are such that λ12 “ λ and
µ12 “ µ. So the line given by x “ 0 is indeed tangent to all conics through
P‚.
For the uniqueness of the line, we treat the two cases separately. For
the case of P4, let L be a tangent line to the conics C1 : y
2 ` xz “ 0 and
C2 : x
2 ` xy ` z2 “ 0. Assume that L is not given by x “ 0. Since L is
tangent to C1, it is not given by y “ λx for some λ PĎF2. So we can assume
that L is given by z “ λx ` µy for some λ, µ P ĎF2. Inserting z “ λx ` µy
in C1 gives y
2 ` λx2 ` µxy, hence µ “ 0. Inserting z “ λx in C2 gives
p1` λ2qx2 ` xy, which is not a square. A contradiction to L being tangent
to C2.
For the case of P2, let L be a line tangent to all conics through P2 that is
not given by x “ 0. Let C1 be the union of two lines given by xy ` y2 “ 0,
and C2 given by x
2 ` xz ` z2 “ 0 (this is also the union of two lines overĎF2). Observe that inserting y “ λx into the equation of C2 does not give a
square. Hence, L is given by z “ λx ` µy for some λ, µ P ĎF2. Inserting it
into C2 gives µ “ 0 but z “ λx inserted in C1 does not give a square. 
Recall that KerpΠiq consists of all the birational maps f P BirF2pP2q that
satisfy pii ˝ f “ pii. The image of Π is isomorphic to Z{2Z:
Lemma 3.4. The image of Π‚ : J‚ Ñ AutpP1q is the group of order two
generated by the image of the automorphism α‚ P AutpP2q, where
(1) α4 : rx : y : zs ÞÑ rx : z : x` ys in the case of J4,
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(2) α2 : rx : y : zs ÞÑ rx : y : y ` zs in the case of J2. In particular,
J2 “ KerpΠ2q ¸ Z{2Z.
Proof. In X4, the three fibers defined over F2 are two smooth F2-fibers,
and one singular fiber. Any element of J4 maps the singular F2-fiber onto
a singular fiber [Sch19, Lemma 6.10]. So the corresponding point r1 : 1s
in P1 is fixed (see Figure 1). The automorphism α4 maps a general conic
λf1 ` f2 “ 0 onto f1 ` λf2 “ 0, hence α4 P J4, and the action of α4 on P1
is rs : ts ÞÑ rt : ss, which is of order 2.
In X2, the three fibers defined over F2 are exactly the three singular
fibers. Note that the point in P1 corresponding to the singular fiber whose
irreducible components are defined over F2 is fixed by any element of J2 (see
Figure 2). The automorphism α2 maps a general conic λf1 ` f2 “ 0 onto
pλ` 1qf1` f2 “ 0, hence α2 P J2, and the action of α2 on P1 is ι2 : rs : ts ÞÑ
rs : s` ts, which is of order 2. We can define a group homomorphism σ from
the group Z{2Z generated by ι2 to J2 by sending ι2 to α2. So Π ˝ σ is the
identity on Z{2Z, and so Π2 induces a split exact sequence
1Ñ KerpΠ2q Ñ J2 Ñ Z{2Z Ñ 1,
and so J2 has the structure of a semi-direct product. 
In fact, one can check that all 168 automorphisms in AutF2pP2q are sent
by Π4 onto the identity, except α4 and α
´1
4
, which are elements of order 4.
3.1. Small base orbits. Having studied the image of the map J‚ Ñ AutpP1q
in Lemma 3.4, we focus now on the case of birational maps f P J‚ such that
pi‚ ˝ f “ pi‚. In this section, we show that these maps are generated by
AutF2pP2q and J1, if all their base points are defined over F2.
Lemma 3.5. Let k be a field. Let ϕ : X 99K X 1 be a birational map preserv-
ing fibrations pi : X Ñ P1 and pi1 : X 1 Ñ P1. Assume that each fiber of pi1
contains at most two components. Then, for any singular fiber F “ pi´1ppq
consisting of two p´1q-curves F1 and F2 (over k¯), the intersection point
q “ F1 X F2 is not a base point of ϕ.
Proof. Let η : Z Ñ X and η1 : Z Ñ X 1 be the minimal resolution of ϕ.
Hence, η and η1 are blow-ups of Galois orbits. Note that η1 contracts only
curves lying in a fiber, since ϕ preserves the fibrations. Let C Ă Z be a
p´1q-curve that is contracted by η1 (and thus is not contracted by η). As
ηpCq is contained in a fiber, there are two possibilities: Either ηpCq is a
smooth fiber, or it is an irreducible component of a singular fiber, say F .
In the second case, ηpCq is a p´1q-curve. As η : Z Ñ X is a sequence of
blow-ups and ηpCq as well as C have self-intersection ´1, the morphism η
does not blow-up any points on ηpCq.
Therefore, for each irreducible component of a singular fiber, the inter-
section point of the two irreducible components is not a base point of η and
therefore it is not a base point of ϕ. 
Lemma 3.6. Let ϕ : X‚ 99K X‚ be a birational map such that pi‚ ˝ ϕ “ pi‚.
(1) If ϕ is an automorphism, then ρ‚ ˝ ϕ ˝ ρ´1‚ P AutF2pP2q.
(2) If ϕ has exactly one base point, then ρ‚ ˝ ϕ ˝ ρ´1‚ P xAutF2pP2q, J1y.
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Proof. For (1), recall that on X, there are exactly four p´1q-sections [Sch19,
Lemma 6.5], which have to be permuted by ϕ. Since the p´1q-sections
correspond to the exceptional divisors of the four blown up points, ρ ˝ϕ ˝ρ´1
has no base points and is therefore an automorphism.
For (2), we distinguish the cases X4 and X2. We start with X4, which
is a Mori conic bundle. As ϕ preserves the fibration, it is a link of type II.
One of the seven F2-points of X4 is the intersection point of two irreducible
components of a singular fiber, and the other six lie on two smooth fibers.
So by Lemma 3.5, the base point r P X4pF2q lies on a smooth fiber of
X4. Hence, the base point q “ ρprq P P2 of ρ ˝ ϕ ˝ ρ´1 is not collinear
with two of the four points p1, . . . , p4. Let C be the conic through q and
p1, . . . , p4, and let Li be the line through q and pi for i “ 1, . . . , 4. Note
that Fi “ pϕ ˝ ρ´1q˚pLiq are p´1q-sections in X. So ρ ˝ ϕ ˝ ρ´1 does the
following: It blows up P2 at p1, . . . , p4 and q, and then contracts the strict
transform of ρ´1pCq Ă X, and then contracts the p´1q-sections Fi. Since q
and p1, . . . , p4 are in general position, this is the same as α ˝ ϕˆ ˝ α´1, where
α : F1 Ñ P2 is the blow-up of P2 at q, and ϕˆ : F1 99K F1 is the link of type
II that blows up p1, . . . , p4 and contracts the strict transforms of the fibers
pα´1q˚pLiq. Hence, ρ ˝ ϕ ˝ ρ´1 “ α ˝ ϕˆ ˝ α´1 P J1. Moreover, one can observe
that a general line is sent onto a singular cubic curve, hence ρ ˝ ϕ ˝ ρ´1 is a
Jonquie`res map of degree 3.
In the case ofX2, its seven F2-points all lie on singular fibers, three of them
are the singular points of the three singular fibers, and the other four lie on
the strict transforms F12 and F34 of the lines L12 and L34. By Lemma 3.5,
we can assume that the base point r P X2pF2q of ϕ lies on F34 and not on
F12. As ϕ contains only one base point, we can write ϕ “ γ ˝ β1´1, where
β : Y Ñ X is the blow-up at r, and γ : Y Ñ X is the contraction of the p´1q-
curve that is the strict transform of F12. As the p´1q-sections E3 and E4 do
not pass F12 and do not contain r, the birational map ϕ is an isomorphism
on them. Moreover, since r R F12, the three points ρprq, p1, and p2 are
not collinear. The other two p´1q-sections in the image of ϕ are the strict
transforms of the two lines L1 and L2 through ρprq and p1 respectively p2.
Therefore, ρ ˝ ϕ ˝ ρ´1 is the same as the blow-up F1 Ñ P2 at ρprq, followed
by the link F1 99K F1 of type II with base points corresponding to p1 and
p2, followed by the contraction F1 Ñ P2 of the line L12. One can observe
that a general line is mapped onto a conic. So, ρ ˝ ϕ ˝ ρ´1 : P2 99K P2 is a
Jonquie`res map of degree 2. 
Example 3.7 (Elements of J4 with one F2-base point). Let f1 “ y2`xz and
f2 “ x2 ` xy ` z2. Consider the following birational maps of degree 3:
ϕr1:0:0s : rx : y : zs ÞÑ rpx` yqf1 ` zf2 : yf1 : zf1s,
ϕr0:1:0s : rx : y : zs ÞÑ rxf2 : xf1 ` yf2 : zf2s,
ϕr0:0:1s : rx : y : zs ÞÑ rxf1 : yf1 : zf1 ` xf2s,
ϕr1:1:0s : rx : y : zs ÞÑ rpx` zqf2 ` px` yqf1 : f1px` yq ` f2py ` zq : zf2s.
In fact, ϕr1:1:0s “ ϕr1:0:0s ˝ϕr0:1:0s ˝ϕr1:0:0s. One can check that the ϕp from this
list are involutions that contract either f1 “ 0 or f2 “ 0 onto the point p,
depending on which of the conics tfi “ 0u the point p lies. A computation
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shows that a general conic f1 ` λf2 “ 0 is mapped onto itself. In fact,
these are all elements in J4 with one base point, up to conjugation with one
automorphism: The automorphism α : rx : y : zs ÞÑ rx : x`y : x`zs maps a
general conic λf1 ` f2 “ 0 onto itself, so α P J4, and it maps r1 : 1 : 1s onto
r1 : 0 : 0s, and r1 : 0 : 1s onto r1 : 1 : 0s. Note that the point r0 : 1 : 1s is the
intersection point of the lines L13 and L24, so it cannot be a base point of a
map in J4.
Example 3.8 (Elements of J2 with one F2-base point). Consider the auto-
morphism α P AutĎF2pP2q given by the matrix
A “
¨˝
1 1 1
0 1 1
0 ω ω2
‚˛
and the map ϕr1:0:0s “ α ˝ σ ˝ α´1, where ω P F4 is a root of the polynomial
x2 ` x` 1 and σ is the standard quadratic transformation. Then, ϕr1:0:0s is
given by
ϕr1:0:0s : rx : y : zs ÞÑ rxy ` yz ` z2 : px` yqy : px` yqpy ` zqs
and has base points r1 : 0 : 0s, r1 : 1 : ωs, and r1 : 1 : ω2s. The automorphism
given by z ÞÑ x`z sends a general conic λypx`yq`x2`xz`z2 “ 0 onto itself
and maps r1 : 0 : 1s onto r1 : 0 : 0s. The automorphism given by y ÞÑ x` y
sends a general conic onto itself and maps r1 : 1 : 0s onto r1 : 0 : 0s and
r1 : 1 : 1s onto r1 : 0 : 1s. As the remaining three F2-points r0 : 0 : 1s,
r0 : 1 : 1s and r0 : 1 : 0s are the intersection points of the singular conics
through the two orbits of size 2, these are not base points of a birational
map preserving the pencil of conics.
Lemma 3.9. Let ϕ : X‚ 99K X‚ be a birational map such that pi‚ ˝ ϕ “ pi‚
and assume that each base point of ϕ is defined over F2. Then, ρ‚ ˝ϕ ˝ ρ´1‚ P
xAutF2pP2q, J1y.
Proof. We consider the cases X4 and X2 separately. We start with the Mori
conic bundle X4. Hence, by [Sch19, Corollary 3.2], ϕ “ ϕn ˝ ¨ ¨ ¨ ˝ ϕ1 is a
product of Sarkisov links ϕi of type II. With [Sch19, Proposition 6.12] we
can assume that ϕi : X 99K X, and by assumption, each ϕi has exactly one
base point. By Lemma 3.6, ϕ P xAutpP2q, J1y.
Now, we come to the case of X2. Here, the four points form two or-
bits tp1, p2u and tp3, p4u of size 2 and so the lines L12 and L34 are defined
over F2. As we have observed in the proof of Lemma 3.6 with the help
of Lemma 3.5, Baspϕq Ă F12 Y F34zpF12 X F34q, where F12 and F34 de-
note the strict transforms in X2 of the lines L12 and L34. Let r P Baspϕq
be a base point. We can assume that it lies on F34 and not on F12. Let
ϕ1 : X 99K X be the birational map that is given by the blow up at r, fol-
lowed by the contraction of the strict transform of F12. By Lemma 3.6,
we have ρ ˝ ϕ1 ˝ ρ´1 P xAutF2pP2q, J1y, and ϕ ˝ ϕ´11 has strictly less base
points than ϕ. By repeating the argument for all base points of ϕ, we find
inductively that ρ ˝ ϕ ˝ ρ´1 P xAutF2pP2q, J1y. 
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3.2. Large base orbits via Double Sections.
Remark 3.10. The general fiber tpy2 ` xzq ` x2 ` xy ` z2 “ 0 respectively
tpy2 ` xyq ` x2 ` xz ` z2 “ 0 in P2pF2ptqq is a conic with no F2ptq-points.
However, over the extension F2p
?
tq Ą F2ptq of degree 2 it contains the point
r0 : 1 : ?ts. Hence, there are no sections in X‚, where a section is as usual
a morphism σ : P1 Ñ X‚ (or its image σpP1q) such that pi‚ ˝ σ “ idP1 .
Definition 3.11. Let σ : P1 Ñ X‚ be a morphism. We say that σ (or
σpP1q) is a double section if pi‚ ˝ σ “ Frob is the Frobenius morphism given
by rs : ts ÞÑ rs2 : t2s, and σ : P1 Ñ σpP1q is birational.
In Lemma 3.17 we introduce a (singular) variety Y‚ that is birational
to P1 ˆ P1 (Lemma 3.18), so it has many sections, and the sections on Y‚
correspond to double sections on X‚.
Lemma 3.12. Let σ : P1 Ñ X‚ be a double section, and let f be a fiber in
X‚. Then C ¨ f “ 2 and pi‚ : C Ñ P1 is bijective, where C “ σpP1q.
Proof. The diagram
X‚
P1 P1
σ
Frob
pi‚
commutes. Hence, C is parametrized by rs : ts ÞÑ raps, tq : bps, tq : cps, tqsrs2 :
t2s, where a, b, c P F2rs, ts are homogeneous polynomials of the same de-
gree. Inserting the parametrization into the equation of the fiber f given by
as ` bt “ 0 gives as2 ` bt2 “ 0, which equals a2s2 ` b2t2 “ pas ` btq2 “ 0.
So IppC, fq “ 2 for the intersection point p of C and f . Hence, C ¨ f “ 2.
As C intersects f in a unique point, C Ñ P1 is bijective. 
Example 3.13. Consider the morphism σ : P1 Ñ P2 ˆ P1 given by rs : ts ÞÑ
pr0 : s : ts, rs2 : t2sq. The image is x “ ty2 ` sz2 “ 0, which lies in X4 as
well as X2. So σ is a double section in X4 and X2. Note that σpP1q is the
pull-back of the line x “ 0 in P2: A point p “ pr0 : y : zs, rs : tsq on the
pull-back of x “ 0 has to satisfy ty2 ` sz2 “ 0, that is rs : ts “ ry2 : z2s.
Hence p “ pr0 : y : zs, ry2 : z2sq “ σpry : zsq.
In fact, we will see later (Lemma 3.15) that the above example of a double
section is special: It is the only smooth double section in X4, and in X2 it
is the only one such that its image in P2 is a line.
Lemma 3.14. Let C Ă X‚ be a curve. Let d be the degree of Γ “ ρ‚pCq Ă
P2, and let m be the multiplicity of Γ at p1 and p2, and let m
1 be its multi-
plicity at p3 and p4. We assume that m
1 ě m. Then the following hold:
(1) C ¨ f is even.
(2) C ¨ f “ 2 if and only if d “ m`m1 ` 1. In this case each singular
point of C has multiplicity 2, and lies either on a smooth fiber, or
it is a smooth point on the singular fiber that has both irreducible
components defined over F2. Moreover, either m
1 “ m (and d is
odd) or m1 “ m` 1 (and d is even).
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(3) If C is rational and (2) holds, then C has exactly m singular points.
Proof. Let q1, . . . , qr be the singular points of C (including infinitely near
points). After resolving the singularities, we can write
C “ dL´mpE1 ` E2q ´m1pE3 ` E4q ´
rÿ
j“1
mqjEqj ,
where mqj denote the multiplicity of C at qj , and Eqj is the exceptional
divisor of qj and E1, . . . , E4 are the exceptional divisors of the four points
of P‚, and L is the pull-back of a general line in P2. We compute
C ¨ f “ `dL´mpE1 ` E2q ´m1pE3 ` E4q˘ ¨ `2L´ pE1 ` ¨ ¨ ¨ ` E4q˘
“ 2d´ 2m´ 2m1,
hence C ¨f is even (providing (1)), and C ¨f “ 2 if and only if d “ m`m1`1.
Moreover, if C ¨ f “ 2, C can only have singularities of multiplicity 2. Also,
the singular points do not lie on the intersection point of two irreducible
components f1 and f2 of a singular fiber f : Otherwise, C ¨ f ě 4. The
singular points do not lie on singular fibers f whose irreducible components
f1 and f2 are not defined over F2: If the singular point lies on f1 but not
f2, then there is also a singular point on f2 by the Galois action. So again
C ¨ f ě 4. We have therefore proved that the singular points lie on smooth
fibers or – only possible in the case of X2 – on a smooth point of the singular
fiber that has both irreducible components defined over F2.
‚ In the case of X4, the four points p1, . . . , p4 form one orbit, so we
have m “ m1.
‚ In the case of X2, we write f1 and f2 for the irreducible components
of the singular fiber that has both irreducible components defined
over F2. We can write f1 “ L´ E1 ´ E2 and f2 “ L´ E3 ´ E4, so
C ¨f1 “ d´2m and C ¨f2 “ d´2m1. As 2 “ C ¨f “ C ¨f1`C ¨f2q, we
get pd´2m,d´2m1q P tp0, 2q, p1, 1q, p2, 0qu, implying thatm “ m1`1,
m “ m1, or m1 “ m ` 1. With the assumption m1 ě m, the first
possibility does not occur.
This yields (2).
Rationality of the curve inserted into the adjunction formula gives
pd´ 1qpd ´ 2q
2
´ 2 ¨ mpm´ 1q
2
´ 2 ¨ m
1pm1 ´ 1q
2
´ r “ 0,
so after replacing m1 “ m and d “ 2m ` 1, respectively m1 “ m ` 1 and
d “ 2m1, we get r “ m “ m1, respectively r “ m1´ 1 “ m. This finishes the
proof. 
Lemma 3.15 (Smooth double sections). Let C be a smooth double section
on X‚. Then the image Γ “ ρ‚pCq Ă P2 is one of the following:
(1) In the case of X4, Γ is the line x “ 0.
(2) In the case of X2, Γ is either the line x “ 0 or a smooth conic that
contains the orbit P1 and intersects the line through the other orbit
P2 in exactly one point that is defined over F2, where P2 consists of
the two orbits P1 and P2.
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Proof. Let σ : P1 Ñ X‚ be the morphism corresponding to the double section
C. So there are homogeneous polynomials a, b, c P F2rs, ts of the same degree
such that σprs : tsq “ pra : b : cs, rs2 : t2sq. Note that Lemma 3.14 may be
applied for double sections by Lemma 3.12. We do the cases X4 and X2
separately.
We start with X4. Recall that X4 Ă P2 ˆ P1 is given by the equation
tpy2 ` xzq ` spx2 ` xy ` z2q “ 0. As C is a smooth double section, the
m “ m1 in Lemma 3.14 is 0. Therefore, the degree of Γ is 1 (and the
orbit of size 4 does not lie on Γ, since m is the multiplicity of Γ at the
orbit of size 4). Therefore, a, b, c P t0, s, t, s ` tu, and they have to satisfy
t2pb2 ` acq “ s2pa2 ` ab` c2q. So b2 ` ac “ s2 and a2 ` ab` c2 “ t2, which
again implies that ac “ pb ` sq2 and apa ` bq “ pc ` tq2. Now we study
the possible cases: If a “ 0, then b “ s and c “ t, so Γ is parametrized by
r0 : s : ts for rs : ts P P1, that is, Γ is the line x “ 0 and we are done. If
c “ 0, then b “ s, then a “ a` b “ t, a contradiction. If a ‰ 0 and c ‰ 0,
then a “ c “ b`s, and so pb`sqs “ pb`s` tq2, which implies bs “ pb` tq2.
Hence b “ s “ b` t, a contradiction.
For the case of X2, recall that X2 Ă P2 ˆ P1 is given by the equation
tpy2 ` xyq ` spx2 ` xz ` z2q. We consult Lemma 3.14: As C is smooth,
either m1 “ 1, m “ 0 and Γ is of degree 2, or m1 “ m “ 0 and the degree of
Γ is 1.
Assume now that Γ is a line, so a, b, c are of degree 1 and therefore a, b, c P
t0, s, t, s` tu. They have to satisfy t2pb2 ` abq ` s2pa2 ` ac` c2q “ 0, hence
bpa ` bq “ s2 (and a2 ` ac ` c2 “ t2). So b “ a ` b “ s, that is, a “ 0.
Therefore, Γ is the line x “ 0.
It remains to study the case where Γ is of degree 2 and goes through
exactly one of the two orbits, say Γ passes p1 and p2. We consider the
strict transforms of the lines Lij through pi and pj, which we call again Lij.
These are the irreducible components of the three singular fibers on X. We
observe that C ¨L12 “ 0 and C ¨L34 “ 2. The irreducible components of the
remaining two singular fibers satisfy C ¨Lij “ 1. As C is a double section, it
contains exactly one point on each fiber. Therefore, it meets L34 in exactly
one point, and it meets the other two singular fibers in the intersection of
its irreducible components, which is defined over F2. 
Example 3.16. In X2, the equation given by ypx ` zq ` z2 “ 0 is a smooth
double section: It is the image of x “ 0 under the map ϕr1:0:0s from Exam-
ple 3.8.
Lemma 3.17 (Sections vs. double sections). Let Y4 respectively Y2 in P
2ˆP1
be given by the equations
Y4 : t
2py2 ` xzq ` s2px2 ` xy ` z2q “ 0,
Y2 : t
2py2 ` xyq ` s2px2 ` xz ` z2q “ 0.
Let F : Y‚ Ñ X‚ be the map given by pp, rs : tsq ÞÑ pp, rs2 : t2sq. Let
a, b, c P F2ru, vs be three homogeneous polynomials of the same degree without
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common factors. Consider the maps σ, σ1 : P1 Ñ P2 ˆ P1 given by
σ : ru : vs ÞÑ prapu, vq : bpu, vq : cpu, vqs, ru2 : v2sq,
σ1 : ru : vs ÞÑ prapu, vq : bpu, vq : cpu, vqs, ru : vsq.
Then, σ : P1 Ñ X‚ is a double section if and only if σ1 : P1 Ñ Y‚ is a section.
In other words, if C Ă X‚ and C 1 Ă Y‚ are curves with F pC 1q “ C, then
C is a double section in X‚ if and only if C 1 is a section in Y‚.
Proof. Note that Y‚ is the fiber product of X‚ and P1 over P1 with the Frobe-
nius map Frob: P1 Ñ P1, rs : ts ÞÑ rs2 : t2s, giving rise to the commutative
diagram
Y‚ “ X‚ ˆP1 P1 X‚
P1 P1
F‚
piY
Frob
pi‚
.
First, if pra : b : cs, ru2 : v2sq P X‚, then pra : b : cs, ru : vsq P Y‚. Hence, if
σ : P1 Ñ X‚ is a double section, then σ1 : P1 Ñ Y‚, and σ1 is a section.
It is clear that σpru : vsq lies in X‚ if and only if σ1pru : vsq lies in Y‚. In
this case, we also have directly that pi‚ ˝ σ “ Frob and that piY ˝ σ1 “ idP1 .
So it is enough to show that when σ1 : P1 Ñ Y‚ is a section, then σ : P1 Ñ
σpP1q “ C is birational. Writing C 1 “ σ1pP1q we get a commutative diagram
C 1 C
P1 P1
F
piY
Frob
pi
σ
σ1
.
Since σ : P1 Ñ C is dominant, we have an inclusion σ˚ : kpCq ãÝÑ kpP1q. We
prove that σ˚ : kpCq „Ñ kpP1q is an isomorphism, implying that σ : P1 Ñ C
is birational. With the parametrization of C we see that u
2
v2
P kpCq. Letting
t “ u
v
we get an inclusion of fields kpt2q Ă kpCq Ă kpP1q “ kptq. Since
kpt2q Ă kptq is an extension of degree 2, either kpCq “ kptq and we are done,
or kpCq “ kpt2q. We will find a contradiction to the latter case. Assuming
that c ‰ 0 (otherwise a or b is non-zero and we proceed analogously), we
have that a
c
and b
c
are elements in kpCq “ kpt2q, hence a, b, c P F2ru2, v2s. So
we may write apu, vq “ αpu2, v2q, bpu, vq “ βpu2, v2q, and cpu, vq “ γpu2, v2q
for some α, β, γ P F2ru, vs homogeneous of the same degree, which we may
choose without common divisor. We consider the morphism τ : P1 Ñ P2ˆP1
given by ru : vs ÞÑ prαpu, vq : βpu, vq : γpu, vqs, ru : vsq and observe that pi ˝
τ “ id1P. So τ is a section on X‚, which does not exist (see Remark 3.10). 
Lemma 3.18. Let Y‚ Ă P2 ˆ P1 be the fiber product of X‚ and P1 over P1,
with respect to the Frobenius morphism F : P1 Ñ P1, rs : ts ÞÑ rs2 : t2s (as
in Lemma 3.17). Then the map ϕ‚ : Y‚ 99K P1 ˆ P1 given by
prx : y : zs, rs : tsq ÞÑ prsx : ty ` szs, rs : tsq
is a birational map that is an isomorphism on the smooth fibers ut` sv “ 0,
where rs : ts P P1pĎF2qzP1pF2q.
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Proof. Let V4 “ ĎF2zpF2 Y tω, ω ` 1uq, where ω and ω ` 1 are the two roots
of the polynomial x2` x` 1. As the three singular fibers of Y4 are given by
t` ωs “ 0, t` pω ` 1qs “ 0 and t` s “ 0, the open set
U4 “ tprx : y : zs, r1 : tsq P Y4 | t P V4u
of Y4 contains all smooth fibers corresponding to points in P
1 that are not
defined over F2. We show that
ψ : tpru : vs, r1 : tsq | t P V4u ÑU4
pru : vs, r1 : tsq ÞÑprp1 ` t3qu2 : u2 ` t2uv ` v2 : tu2 ` uv ` tv2s, r1 : tsq
is the inverse map of ϕ. We compute
ϕpψpru : vs, r1 : tsqq “ ϕprp1 ` t3qu2 : u2 ` t2uv ` v2 : tu2 ` uv ` tv2s, r1 : tsq
“ prp1 ` t3qu2 : tpu2 ` t2uv ` v2q ` tu2 ` uv ` tv2s, r1 : tsq
“ prp1 ` t3qu2 : p1` t3quvs, r1 : tsq
“ pru : vs, r1 : tsq.
For prx : y : zs, r1 : tsq P U4 we have that t2py2q ` x2 ` z2 “ xy ` t2xz and
therefore
ψpϕprx : y : zs, r1 : tsqq “ψprx : ty ` zs, r1 : tsq
“prp1` t3qx2 : x2 ` t2xpty ` zq ` t2y2 ` z2 :
tx2 ` txy ` xz ` t3y2 ` tz2s, r1 : tsq
“prp1` t3qx2 : p1` t3qxy : pt3 ` 1qxzs, r1 : tsq
“prx : y : zs, r1 : tsq.
Hence, ψ is the inverse of ϕ.
Now, we let V2 “ ĎF2zF2. As the three singular fibers of Y2 are exactly the
fibers t “ 0, s “ 0 and s` t “ 0, the open set
U2 “ tprx : y : zs, r1 : tsq P Y2 | t P V2u
of Y2 contains all smooth fibers. We show that
ψ : tpru : vs, r1 : tsq | t P V2u ÑU2
pru : vs, r1 : tsq ÞÑprpt` t2qu2 : u2 ` uv ` v2 : tu2 ` t2uv ` tv2s, r1 : tsq
is the inverse map of ϕ. We compute
ϕpψpru : vs, r1 : tsqq “ϕprpt` t2qu2 : u2 ` uv ` v2 : tu2 ` t2uv ` tv2s, r1 : tsq
“prpt` t2qu2 : tpu2 ` uv ` v2q ` tu2 ` t2uv ` tv2s, r1 : tsq
“prpt` t2qu2 : pt` t2quvs, r1 : tsq
“pru : vs, r1 : tsq.
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For prx : y : zs, r1 : tsq P U2 we that t2y2`x2`z2 “ t2xy`xz, and therefore
ψpϕprx : y : zs, r1 : tsqq
“ψprx : ty ` zs, r1 : tsq
“prpt` t2qx2 : x2 ` txy ` xz ` t2y2 ` z2 :
tx2 ` t3xy ` t2xz ` t3y2 ` tz2s, r1 : tsq
“prpt` t2qx2 : pt` t2qxy : pt` t2qxzs, r1 : tsq.
Hence, ψ is the inverse of ϕ. 
We prove now that any orbit that lies in the base locus of a map f P J‚
with pi‚ ˝ f “ pi‚ can be sent onto a smooth double section by elements in
AutF2pP2q and de Jonquie`res transformations from J1.
Lemma 3.19. Let C Ă X‚ be a double section. Let ϕ : X‚ 99K X‚ be a
birational map defined over ĎF2 such that pi ˝ ϕ “ pi. Then, ϕ˚pCq Ă X‚ is a
double section.
Proof. As pi ˝ ϕ “ pi, the curve C is not contracted by ϕ, and so the map
ϕ : C 99K ϕ˚pCq is birational. Let σ : P1 Ñ X be the double section with
σpP1q “ C. We let σ1 “ ϕ ˝ σ : P1 99K X, which is a morphism since any
rational map from P1 to a projective variety is a morphism. We obtain the
commutative diagram
X X
P1 P1
P1
ϕ
pi
id
pi
σ σ1Frob
.
In particular, pi ˝ σ1 “ Frob, and hence σ1 is a double section. 
Lemma 3.20 (Lagrange on P1ˆP1). Let k be a perfect field. Let tp1, . . . , pnu
in P1 ˆ P1 be an orbit of Galpk¯{kq of n ą 1 points such that no two points
lie on the same fiber. Then either all points are of the form pr0 : 1s, r1 : tisq,
or there exists a polynomial Lptq P krts of degree n ´ 1 such that pi “ pr1 :
Lptiqs, r1 : tisq for i “ 1, 2, . . . , n.
Proof. We write pi “ prui : vis, rsi : tisq, with rsi : tis ‰ rsj : tjs for j ‰ i
(since they all lie on different fibers). If one of the si is equal to zero, then
all points lie on one fiber, a contradiction to n ą 1. So we can assume that
si “ 1 for all i, and tj ‰ ti for all j ‰ i. If ui “ 0 for one i – and hence for all –
we are done. So we assume now that ui ‰ 0 and write pi “ pr1 : vis, r1 : tisq.
Since the pi form an orbit, any σ P Galpk¯{kq induces an action on the indices:
We write σpiq for the index j such that σppiq “ pj. Hence, σppiq “ pj if and
only if pσpviq, σptiqq “ pvj , tjq “ pvσpiq, tσpiqq. Consider now the Lagrange
polynomial
Lptq “
ÿ
vj ljptq,
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where lj “
ś
1ďkďn,k‰j
t´tk
tj´tk . This is a polynomial of degree n ´ 1 in k¯rts.
In fact, L is defined over k: For all σ P Galpk¯{kq we have σpljq “ lσpjq,
which implies that σpvj ljq “ vσpjqlσpjq. Therefore, σpLq “ L, implying that
L is defined over k, and pi “ pr1 : Lptiqs, r1 : tisq. 
Lemma 3.21. Let tp1, . . . , pnu Ă X‚ be an orbit of size n ą 1 such that
all points lie on different smooth fibers. Then there exists a double section
C Ă X‚ containing the orbit such that either Γ “ ρpCq Ă P2 has degree
2n´ 1, or Γ is the line x “ 0.
Proof. The Frobenius map F‚ : Y‚ Ñ X‚ as in the proof of Lemma 3.17
is bijective, and it maps distinct fibers onto distinct fibers. So the points
F‚´1ppiq form an orbit on Y , all on distinct fibers that are smooth and
not defined over F2. So ϕ‚ : Y‚ 99K P1 ˆ P1 from Lemma 3.18 is a local
isomorphism on these fibers, providing points qi “ ϕ‚ ˝ F´1ppiq P P1 ˆ P1
that form one orbit, all on distinct fibers.
By Lemma 3.20, either the qi are of the form pr0 : 1s, r1 : tisq or there exists
a polynomial L P F2rts of degree n´1 such that qi “ pr1 : Lptiqs, r1 : tisq. We
start with the second case: We compose the parametrization A1 Ñ P1 ˆ P1
given by t ÞÑ pr1 : Lptqs, r1 : tsq with the map ϕ´1 : P1 ˆ P1 99K Y‚, which
gives us a section σ1 : P1 Ñ Y‚. Hence, σ “ F ˝ σ1 : P1 Ñ X‚ is a double
section by Lemma 3.17. For X4 we get
t ÞÑ pr1` t3 : 1` t2L` L2 : t` L` tL2s, r1 : t2sq,
and for X2 we get
t ÞÑ prt2 ` t : 1` L` L2 : t` t2L` tL2s, r1 : t2sq.
Let C‚ Ă X‚ be the closure of the image of the respective parametrization,
which is a double section. Note that we constructed C‚ such that it contains
the orbit p1, . . . , pn.
The curve Γ “ ρpC‚q Ă P2 is the closure of the image of t ÞÑ r1 ` t3 :
1`t2L`L2 : t`L`tL2s, respectively t ÞÑ rt2`t : 1`L`L2 : t`t2L`tL2s,
hence Γ is of degree 2 degpLq ` 1 “ 2pn ´ 1q ` 1 “ 2n´ 1.
It remains to discuss the case when qi “ pr0 : 1s, r1 : tisq. Taking the
parametrization A1 Ñ X‚ given by t ÞÑ pr0 : 1 : ts, r1 : t2sq implies that the
orbit p1, . . . , pn lies on the double section corresponding to the line x “ 0 in
P2. 
Notation 3.22. Let Ω Ă X‚ be an orbit of points such that no fiber contains
two of the points of the orbit. We define a birational map ϕΩ : X‚ 99K X‚
in the following way, depending on the position of the orbit Ω:
(1) If the points of Ω lie on smooth fibers of X‚, we define ϕΩ to be the
birational map that is given by the blow-up of Ω, followed by the
contraction of the strict transforms of the fiber through the points
of the orbit.
(2) If Ω is only one point that lies on one irreducible component of a
singular fiber of X2 defined over F2, we define ϕΩ to be the birational
map that is given by the blow-up of Ω, followed by the contraction of
the strict transform of the other irreducible component of the same
fiber.
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(If the position of Ω is not in one of the above cases, we do not define ϕΩ.)
Lemma 3.23. Let C Ă X‚ be a double section. Assume that no fiber
contains two points of the same Galois orbit lying in the locus of singular
points of C (including infinitely near ones). Then ϕ˚pCq is a smooth double
section, where ϕ is the product of elements of the form ϕΩ where Ω is a
Galois orbit lying in the locus of singular points of C.
Proof. Let m be the number of singular points of C. If the position of Ωi is
as in Notation 3.22, (2), then Ωi consists only of one point q, and C intersects
the singular fiber through q only in q (since C ¨ f “ 2 by Lemma 3.12 and
q is singular), and q is a point of multiplicity 2 of C. Hence, by blowing
up q and contracting the other irreducible component of the singular fiber
through q, the push-forward C 1 “ ϕΩipCq of C is a curve that has m ´ 1
singular points. We can assume that pi ˝ϕΩi “ pi, so ϕΩi is a birational map
that does not contract C. By Lemma 3.19, C 1 is again a double section.
Now, we observe what happens to a point q P Ωi defined over ĎF2 lying on
a smooth fiber under ϕq (defined only over ĎF2). As ϕq blows up a point of
multiplicity 2, and C ¨ f “ 2 by Lemma 3.12, the strict transform C˜ does
not intersect the strict transform of the fiber. Hence, by contracting the
strict transform of the fiber, we find that C 1 “ ϕqpCq is a curve with m´ 1
singular points. As before, we assume that pi ˝ϕq “ pi is satisfied and (since
C is not contracted) Lemma 3.19 implies that C 1 is a double section.
By performing the above step m times, we find that ϕ˚pCq is a smooth
double section. 
Proposition 3.24. Let P “ tp1, . . . , pnu Ă P2zP‚ be an orbit of size n
such that pj does not lie on the conic through pi and P‚ for all j ‰ i. Let
Pˆ “ ρ´1pPq Ă X‚. Then
ϕ “ ρ‚ ˝ ϕPˆ ˝ ρ‚´1 P xAutF2pP2q, J1,Λ‚y,
where Λ‚ Ă BirpP2q consists of all birational maps ρ‚ ˝ ϕρ´1‚ pΩq ˝ ρ‚´1 for
orbits Ω Ă P2 that lie on the line x “ 0.
Proof. If n “ 1, then Lemma 3.9 says that ϕ P xAutpP2q, J1y. So we assume
that n ą 1 and do induction on n: The induction assumption is that for all
orbits Q Ă P2 of size strictly less than n we have ϕ
ρ´1‚ pQq P xAutpP2q, J1,Λ‚y.
The assumption on the position of P implies that the points pˆi “ ρ‚´1ppiq
in X‚ forming the orbit Pˆ in X‚ all lie on different fibers, so ϕPˆ is defined.
Lemma 3.21 provides existence of a double section C Ă X‚ containing the
orbit Pˆ such that Γ “ ρ‚pCq Ă P2 is the line x “ 0 and so ϕ P Λ‚, or Γ has
degree 2n ´ 1. So we assume now that Γ has degree d “ 2n ´ 1. We are
going to find a commutative diagram as follows:
X‚ X‚
X‚ X‚
ϕ
Qˆ
ψ1
ϕ
Pˆ
ψ2
.
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Writing m for the number of singular points of C and using that d is
odd, Lemma 3.14,(3) tells us that d “ 2m ` 1. Therefore, C has m “
n ´ 1 singular points. We denote the orbits in the singular locus of C by
Ωˆ1, . . . , Ωˆs Ă X‚, and their image under ρ‚ : X‚ Ñ P2 by Ω1, . . . ,Ωs. Let
ψ1 “ ϕΩs ¨ ¨ ¨ϕΩ1 : X‚ 99K X‚. By induction assumption, each ρ‚ ˝ ϕΩi ˝ ρ‚´1
lies in xAutpP2q, J1,Λ‚y, so also ρ‚ ˝ ψ1 ˝ ρ‚´1 P xAutpP2q, J1,Λ‚y. Since the
base locus of ψ1 consists of n ´ 1 points, it contains orbits of size strictly
smaller than n. Hence, all singular points of C lie on different fibers than
the orbit of size n. So the qˆi “ ψ1ppˆiq Ă X‚ form an orbit Qˆ of size n (all
on distinct fibers) on a smooth double section C 1 “ ψ1pCq (Lemma 3.23).
Let qi “ ρ‚pqˆiq Ă P2, which form an orbit Q Ă P2 lying on Γ “ ρ‚pC 1q Ă P2.
By Lemma 3.15, Γ is either the line x “ 0, or it is of degree 2. The case
where Γ is of degree 2 is only possible for X2, and Lemma 3.15 asserts that
a map j P J1 X Λ‚ (Jonquie`res of degree 2) can be centered at three points
of Γ. So j maps Γ onto a line, which corresponds to a smooth double section
in X. Hence, jpΓq is the line x “ 0. So, in this case, we replace ψ1 with
ρ‚´1 ˝ j ˝ ρ‚ ˝ ψ1 and assume that Γ is the line x “ 0. Hence, ϕQˆ ˝ ρ‚´1 P Λ‚.
Now, consider the image Πˆi of the orbit Baspϕ´1
Ωˆi
q under ψ1 for i “
1, . . . , s. We write Πi “ ρ‚pΠˆiq Ă P2. Note that the size of Πi equals
the size of Ωi, so by induction assumption, ψ2 “ ρ‚ ˝ ϕΠˆ1 ¨ ¨ ¨ϕΠˆs ˝ ρ‚´1 P
xAutpP2q, J1,Λ‚y. Hence, with an automorphism α of P2, we have
ϕP “ α ˝ ψ2 ˝ ϕQˆ ˝ ψ1,
and therefore, ρ‚ ˝ ϕ ˝ ρ‚´1 P xAutF2pP2q, J1,Λ‚y. 
Lemma 3.25. Let ϕ be a map in J‚. Then,
ϕ “ ρ‚ ˝ ϕn ˝ ¨ ¨ ¨ ˝ ϕ1 ˝ ρ´1‚ ,
where ϕi : X‚ 99K X‚ is either an automorphism or it is given by
(1) the blow-up of an orbit Ωi Ă X‚, all points on different fibers, fol-
lowed by the contraction of the strict transforms of the fibers through
the orbit, or
(2) the blow-up at one point that lies on exactly one component of a sin-
gular fiber of X‚, followed by the contraction of the other irreducible
component of the singular fiber. This case occurs only in the case of
J2.
Proof. The birational map ψ “ ρ ˝ ϕ ˝ ρ´1 : X 99K X preserves the fibration
of X‚ Ñ P1. In the case J4, we have that X4 is a Mori fiber space, and
so by [Sch19, Corollary 3.2] we can write ψ “ ϕn ˝ ¨ ¨ ¨ ˝ ϕ1, where each
ϕi : Xi 99K Xi`1 is a link of type II between two Mori conic bundles that are
given as in (1). With [Sch19, Proposition 6.12] we can assume that Xi “ X
for all i.
In the case of J2, X is not a Mori fiber space but there is a singular fiber
in X such that both its irreducible components are defined over F2. Let
σ : X Ñ Y be the contraction of one of the irreducible components onto a
point p P Y . Note that Y is a Mori conic bundle. The birational map
ψ “ σ ˝ ρ ˝ ϕ ˝ ρ´1 ˝ σ´1 : Y 99K Y
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preserves the fibration of Y , and so again by [Sch19, Corollary 3.2] we can
write ψ “ ψn ˝ ¨ ¨ ¨ ˝ ψ1 with links ψi : Yi 99K Yi`1 of type II. Therefore, we
can write
ϕ “ σ´1 ˝ ψn ˝ σ ˝ σ´1 ˝ ψn´1 ˝ σ ˝ ¨ ¨ ¨ ˝ σ´1 ˝ ψ2 ˝ σ ˝ σ´1 ˝ ψ1 ˝ σ,
and so we have a decomposition of ϕ into maps ϕi “ σ´1 ˝ψi ˝σ : Xi 99K Xi`1
that preserve the fibration and hence we can assume again with [Sch19,
Proposition 6.12] that Xi “ X for all i. Since the ψi are links of type II
between Mori conic bundles, there are two possibilities for the induced map
ϕi: If ψi is an isomorphism on the fiber through p, ϕi is as in (1). If ψi
is the blow-up at p, then ϕi is an automorphism. If ψi is the blow-up at a
different point on the fiber through p, then ϕi is as in (2). 
Proposition 3.26. The group J‚ is generated by AutF2pP2q, J1, and Λ‚,
where Λ‚ consists of all maps f P BirF2pP2q such that pi‚ ˝ f “ pi‚ and such
that the base points of f are in P‚ or lie on the line x “ 0.
Proof. From Lemma 3.4 we know that J‚ is generated by KerpΠ‚q and
AutF2pP2q. So let f P KerpΠ‚q Ă J‚, that is, pi‚ ˝ f “ pi‚. In Lemma 3.25 we
have seen that we can write (up to automorphisms of P2)
f “ ρ‚ ˝ ϕn ˝ ¨ ¨ ¨ ˝ ϕ1 ˝ ρ´1‚ ,
where ϕi is either an automorphism of X‚ (whose conjugation with ρ‚ is
generated by J1 and AutF2pP2q by Lemma 3.6), or ϕi “ ϕΩi for some orbit
Ωi Ă X‚ (which is generated by AutF2pP2q, J1, and Λ‚ by Proposition 3.24).
Observe that Λ‚ here is the same as Λ‚ in Proposition 3.24 
To prove Theorem 1 it remains to give explicit equations for Λ4 and Λ2.
We sketch how we find it: First, we remark that each element of Λ‚ maps
the line x “ 0 onto itself. Then, we consider the conic in P2pF2ptqq that
corresponds to the generic fiber. So instead of studying birational maps
that fix the fibration, we look at the automorphisms of the plane P2pF2ptqq
that fix the conic. We notice that there is a unique point where all tangents
to the conic meet. Hence, this point is a fix point for all automorphisms of
the plane that fix the conic. We will see that (after a change of coordinates)
each element in Λ‚ seen as an automorphism of the generic fiber can be
written in the form ¨˝
1 0 0
a 1 0
b 0 1
‚˛,
where a, b P F2ptq satisfy an equation of degree 2.
Lemma 3.27. Let k be a field, and let pi : P2 99K P1 be a rational map
defined over k. Then,
tf P BirkpP2q | pi ˝ f “ piu » BirkpP1qpCq,
where C Ă P2
kpP1q is the generic fiber. Moreover, if C is a non-empty
conic over kpP1q and if there exists a Galois extension K 1{kpP1q with rK 1 :
kpP1qs “ 2, then
BirkpP1qpCq “ tf P AutkpP1qpP2q | fpCq “ Cu.
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Proof. For the first statement, we use the fact that for any variety Y over
a field k there is an (anti-)isomorphism BirkpY q » AutkpkpY qq given by
f ÞÑ f˚. Writing L “ kpP2q gives us
tf P BirkpP2q | pi ˝ f “ piu » tf˚ P AutkpLq | f˚|kpP1q “ idkpP1qu
“ AutkpP1qpLq
» BirkpP1qpCq,
where we used that kpCq “ L and the fact above for the last (anti-) isomor-
phism.
Assuming C » P1 implies that BirkpP1qpCq “ AutkpP1qpCq. Let f P
AutkpP1qpCq. If we show that f P AutkpP1qpP2q, we are done. Since K 1{k
is a field extension and C » P1, we have f P AutK 1pP1q Ă AutK 1pP2q. Let
σ P GalpK 1{kpP1qq be a generator of the Galois group (that is, σ ‰ id).
Having σ ˝ f ˝ σ “ f on all kpP1q-points of the conic C, the equality also
holds for all K 1-points of C, and so the equality holds on P2. We choose a
representative A P GL3pK 1q corresponding to the automorphism f . We can
assume that the pi, jq-entry of A is aij “ 1. One observes that the matrix
corresponding to σ ˝ f ˝ σ is σpAq. Since σ ˝ f ˝ σ “ f , there exists λ P K 1
such that σpAq “ λA. In particular,
λ “ λaij “ σpaijq “ σp1q “ 1.
Hence, A “ σpAq and so A P GL3pkpP1qq, and f P AutkpP1qpP2q. 
Proof of Theorem 1. With Proposition 3.26 it remains to find the explicit
form of elements in Λ‚. Since x “ 0 is the unique line that is tangent to
all conics through P‚, every element ϕ P Λ‚ maps x “ 0 onto x “ 0. With
Lemma 3.27, instead of considering birational maps preserving the fiber we
take the point of view of matrices in PGL3pF2ptqq that fix the conic C that
is the generic fiber of pi‚. This proof is organized as a Menu: First, we only
look at the Apero; it will be served in the middle of the main cours where
we will see that it is a perfect choice for the meal.
Apero: Let A P PGL3pF2ptqq be a matrix that preserves the line x “ 0, and
fixes the points r0 : 1 : 0s and r0 : 1 : ?ts. The first two conditions imply
that we can write
A “
´
c 0 0
a 1 d
b 0 e
¯
with a, b, c, d, e P F2ptq. The condition that A fixes r0 : 1 :
?
ts gives us thatˆ
0
1?
t
˙
“
´
c 0 0
a 1 d
b 0 e
¯ˆ
0
1?
t
˙
“
ˆ
0
1`d?t
e
?
t
˙
,
hence e “ 1 and d “ 0. Therefore, A is an automorphism of P2pF2ptqq given
by the map
rx : y : zs ÞÑ rcx : ax` y : bx` zs.
Menu Λ4: The generic fiber is the conic C Ă P2pF2ptqq given by tpy2`xzq`
x2`xy`z2. The line x “ 0 is tangent to C at r0 : 1 : ?ts. The lines y “ 0 and
z “ 0 are not tangents to C. So let T be a tangent at C given by ax`y`bz “
0 for some a, b P ĘF2ptq. Hence, tpa2x2 ` b2z2 ` xzq ` x2 ` ax2 ` bxz ` z2
is a square, implying that t ` b “ 0. So each tangent is given by x “ 0 or
ax` y ` tz “ 0, and all of them contain the point r0 : t : 1s.
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We perform an automorphism of P2pF2ptqq to increase the beauty of the
point of all tangents with
M “
ˆ
1 0 0
0 t 1
t
0 1 t
˙
, M´1 “
ˆ
1`t3 0 0
0 t2 1
0 t t2
˙
P PGL3pF2ptqq.
So M maps r0 : t : 1s ÞÑ r0 : 1 : 0s, it fixes the point r0 : 1 : ?ts and so it
maps the line x “ 0 onto itself. The conic C is mapped onto the conic C 1
given by
C 1 : tpty2 ` z2q ` p1` t3qpx2 ` xzq “ 0.
Now we study AutC1pP2pF2ptqqq “ tA P PGL3pF2ptqq | ApC 1q “ C 1u. Note
that any such matrix fixes the point at which all tangents to C 1 meet, namely
the point r0 : 1 : 0s. Now we study the subgroup G of AutC1pP2pF2ptqqq that
consists of the matrices that preserve the line x “ 0, or equivalently, that
fix the point r0 : 1 : ?ts. Let A P G. So A is a matrix as described in the
Apero and so A is given by
rx : y : zs ÞÑ rcx : ax` y : bx` zs.
So the assumption that A maps C 1 onto C 1 finally gives for rx : y : zs P C 1
that
0 “ tptpa2x2 ` y2q ` b2x2 ` z2q ` p1` t3qpc2x2 ` bcx2 ` cxzq
“ x2pt2a2 ` tb2 ` p1` t3qp1 ` c2 ` bcqq ` xzp1` t3qp1` cq,
where we used the identity tpty2 ` z2q “ p1 ` t3qpx2 ` xzq. Hence, c “ 1,
and fpa, bq “ 0, where fpa, bq “ t2a2 ` tb2 ` p1` t3qb.
We can write each ϕ P Λ4 as
rx : y : zs 99K prx : y : zs, tq
M
99K prx : ty ` 1
t
z : y ` tzs, tq
A
99K prx : ax` ty ` 1
t
z : bx` y ` tzs, tq
M´1
99K prp1` t3qx : xpat2 ` bq ` yp1` t3q : xpat` t2bq ` p1` t3qzs, tq
99K rx : at
2 ` b
1` t3 x` y :
at` t2b
1` t3 x` zs.
where t “ x2`xy`z2
y2`xz and pa, bq P pF2ptqq2 with fpa, bq “ 0.
Dessert Λ4: Finally, we put on some cosmetics: We perform the change of
coordinates of A2pF2ptqq given by pa, bq ÞÑ pat2`b1`t3 , at`t
2b
1`t3 q. Its inverse is given
by α : pa, bq ÞÑ pat ` b
t
, a ` btq. The pairs pa, bq satisfying fpa, bq “ 0 are
mapped onto pa, bq that satisfy 0 “ fpat` b
t
, a` btq “ p1` tqpt2` t` 1qpa`
a2t` bt` b2q, which are exactly the ones that satisfy a` b2 ` tpa2 ` bq “ 0.
Therefore, ϕ is given by
rx : y : zs ÞÑ rx : λx` y : µx` zs,
where pλ, µq P pF2ptqq2 satisfy λ` µ2 ` tpλ2 ` µq “ 0, and t “ x2`xy`z2y2`xz .
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Menu Λ2: The generic fiber is the conic C Ă P2pF2ptqq given by tpy2`xyq`
x2 ` xz ` z2 “ 0. The line x “ 0 is tangent to C at r0 : 1 : ?ts. The lines
y “ 0 and z “ 0 are not tangents to C. So let T be a tangent at C given by
ax` y ` bz “ 0 for some a, b P ĘF2ptq. Hence, tpa2x2 ` b2z2 ` ax2 ` bxzq `
x2 ` xz ` z2 is a square, implying that tb` 1 “ 0. So each tangent is given
by x “ 0 or ax` y ` 1
t
z “ 0, and all of them contain the point r0 : 1 : ts.
We perform an automorphism of P2pF2ptqq to increase the beauty of the
point of all tangents with
M “
´
1 0 0
0 1 1
0 t 1
¯
, M´1 “
´
1`t 0 0
0 1 1
0 t 1
¯
P PGL3pF2ptqq.
So M maps r0 : 1 : ts ÞÑ r0 : 1 : 0s, it fixes the point r0 : 1 : ?ts and so it
maps the line x “ 0 onto itself. The conic C is mapped onto the conic C 1
given by
C 1 : ty2 ` z2 ` p1` tqpx2 ` xzq “ 0.
Now we study AutC1pP2pF2ptqqq “ tA P PGL3pF2ptqq | ApC 1q “ C 1u. Note
that any such matrix fixes the point at which all tangents to C 1 meet, namely
the point r0 : 1 : 0s. Now we study the subgroup G of AutC1pP2pF2ptqqq that
consists of the matrices that preserve the line x “ 0, or equivalently, that
fix the point r0 : 1 : ?ts.
Let A P G. So A is as described in the Apero, hence A gives an automor-
phism of the form
rx : y : zs ÞÑ rcx : ax` y : bx` zs
with a, b, c P F2ptq. The assumption that A maps C 1 onto C 1 implies that
for each rx : y : zs P C 1 we have
0 “ p1` tqpc2x2 ` bcx2 ` cxzq ` tpa2x2 ` y2q ` b2x2 ` z2
“ x2pp1` tqpc2 ` bc` 1q ` ta2 ` b2q ` xzp1 ` tqpc` 1q,
where we used the identity ty2 ` z2 “ p1 ` tqpx2 ` xzq. Hence, c “ 1 and
fpa, bq “ 0, where fpa, bq “ p1` tqb` ta2 ` b2.
Therefore, we can write each ϕ P Λ4 as
rx : y : zs 99K prx : y : zs, tq
99K prx : y ` z : ty ` zs, tq
99K prx : ax` y ` z : bx` ty ` zs, tq
99K prxp1 ` tq : pa` bqx` p1` tqy : xpta` bq ` p1` tqzs, tq
99K rx : a` b
1` t x` y :
ta` b
1` t x` zs,
where t “ x2`xz`z2
y2`xy and a, b P F2ptq satisfy fpa, bq “ 0.
Dessert Λ2: In a final step, we make a change of coordinates of A
2pF2ptqq,
sending pa, bq ÞÑ pa`b
1`t ,
ta`b
1`t q. The inverse of this map is given by α : pa, bq ÞÑ
pa` b, ta` bq. Therefore, the pairs pa, bq satisfying fpa, bq “ 0 are mapped
onto pa, bq that satisfy 0 “ fpa` b, ta` bq “ p1` tqppa2`aqt` b2` bq, which
are exactly the ones with pa2 ` aqt` b2 ` b “ 0. So
ϕ : rx : y : zs ÞÑ rx : λx` y : µx` zs,
where pλ, µq P `F2ptq˘2 satisfy pλ2 ` λqt` µ2 ` µ “ 0, and t “ x2`xz`z2y2`xy .
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
4. Finitely many generators: Gď8
In this section we give an upper bound for the number of generators of
Gď8, namely 108. This bound is not optimal: With the help of relations
some of the generators can be killed but this is a different story.
The only rational Mori fiber spaces (that is, Mori fiber spaces S defined
over F2 with a birational map P
2
99K S defined over F2) over a point over
F2 are (up to isomorphism) the projective plane P
2, one del Pezzo surface
D5 of degree 5, one quadric Q Ă P3, and one del Pezzo surface D6 of degree
6. For details, see the respective section.
Definition 4.1. Let S be a del Pezzo surface over an algebraically closed
field k. Let p1, . . . , pn be n points on S and let X Ñ S be the blow-up at
these points. We say that p1, . . . , pn are in general position on S if X is a
del Pezzo surface.
We study Galois orbits of size d in general position on the rational Mori
fiber spaces over a point, up to automorphisms of S defined over F2 to prove
the following proposition:
Proposition 4.2. For the following rational del Pezzo surfaces and the
following values of d, the number Nd of Galois orbits in general position of
points of size d is, up to automorphisms of the del Pezzo surface:
On P2, we have
d “orbit size 3 6 7 8
Nd “number of orbits 1 2 10 38.
On Q, we have
d “orbit size 4 6 7
Nd “number of orbits 0 5 18.
On D6, we have
d “orbit size 2 3 4 5
Nd “number of orbits 1 2 4 11.
On D5, we have
d “orbit size 3 4
Nd “number of orbits 4 12.
We rely on a computer. For each del Pezzo surface S we adapt the
following main algorithm:
Step 1: List all points on S that are defined over F2d .
Step 2: Take only the points that form a Galois orbit of size d, and take
only one point of each orbit.
Step 3: Check to which points the corresponding Galois orbit lies in “gen-
eral position” on S. Continue with these points.
Step 4: Remove duplicates up to automorphism: If p and q are two points
such that q is mapped by an automorphism of S that is defined over F2 onto
a point in the orbit of p, remove q.
28 JULIA SCHNEIDER
In the case S “ P2, we make some adaptions to make the computation
faster. In the case of the quadric Q, we instead consider P1 ˆ P1 over F4.
In the case of the del Pezzo surface of degree 5 respectively 6, we transform
the algorithm to P2 over F¯2.
In this chapter, we will see the notation F0, F1 and F2: While F0 “ P1ˆP1
and F1 denote Hirzebruch surfaces, F2 will continue to stand for the finite
field with two elements and will never mean the Hirzebruch surface of rank
2.
4.1. General position on P2 and P1ˆP1. We fix some notation for P1ˆP1
with coordinates prx0 : x1s, ry0 : y1sq: A pa, bq-curve on P1 ˆ P1 is given by
a polynomial of bidegree pa, bq, where a is the degree in x0, x1 and b is the
degree in y0, y1. A fiber f is a p0, 1q-curve, and a section s is a p1, 0q-curve.
So an pa, bq-curve is linearly equivalent to as ` bf and has self-intersection
2ab.
Lemma 4.3. Let k be an algebraically closed field. Let pi : S Ñ P2 be a
birational morphism, where S is a smooth projective surface. The following
conditions are equivalent:
(1) ´KS is ample (that is S is a del Pezzo surface);
(2) the morphism pi is the blow-up at 0 ď r ď 8 proper points on P2 such
that no 3 are collinear, no 6 are on the same conic, no 8 lie on a
cubic having a double point at one of them;
(3) K2S ą 0 and any irreducible curve of S has self-intersection ě ´1;
(4) K2S ą 0 and C ¨ p´KSq ą 0 for any effective divisor C.
Moreover, if there is a birational morphism ρ : S Ñ P1 ˆ P1, then the
conditions (1) to (4) of are equivalent to
(5) the morphism ρ is the blow-up at 0 ď s ď 7 proper points on P1ˆP1
such that no 2 lie on a p1, 0q- or p0, 1q-curve, no 4 lie on a p1, 1q-
curve, no 6 lie on a p2, 1q- or p1, 2q-curve, not all 7 lie on a p2, 2q-
curve having a double point at one of them.
Proof. The equivalences of (1) to (4) are standard, see for example [Dem80,
Theorem 1]. We show the equivalence of (5) with the other conditions.
The condition s ď 7 is equivalent to K2S ě 1 in (3). The Picard group
PicpSq is generated by s, f and the exceptional divisors E1, . . . , Es, where
s respectively f denote the pull-back of a p1, 0q- respectively p0, 1q-curve.
Note that KS “ ´2s´ 2f `
ř
Ei. Let C be any irreducible curve on S, so
C „ as` bf ´ř aiEi for some a, b, a1, . . . , ar ě 0. One computes
C ¨ p´KSq “ 2pa` bq ´
ÿ
ai
and (with the adjunction formula) the arithmetic genus is
gpCq “ C ¨ C `KS
2
` 1 “ ab´ pa` bq ` 1´ 1
2
ÿ
aipai ´ 1q.
For a and b at most 2 we find
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pa, bq ab´ pa` bq ` 1 2pa` bq
p1, 0q 0 2
p1, 1q 0 4
p2, 1q 0 6
p2, 2q 1 8
In particular, the adjunction formula implies that if pa, bq is p1, 0q, p1, 1q,
or p2, 1q then C is smooth, and if pa, bq “ p2, 2q then C has at most one
double point. Assuming that S is a del Pezzo surface and therefore satisfies
condition (4), we have 2pa` bq ą ř ai and so (5) follows.
We assume now that condition (5) holds. The assumption implies that
for a, b ď 2 we have with the above table that C ¨ p´KSq ą 0. For the
remaining cases we may assume by symmetry that a ě 3 and b ď a. Since
C is irreducible, C has no common components with ´KS “ 2s`2f `
ř
Ei
and so C ¨ p´KSq ě 0. We assume C ¨ p´KSq “ 0 and find a contradiction.
The assumption gives with the adjunction formulaÿ
ai “ 2pa` bq,ÿ
a2i “ 2ab` 2´ 2g,
where g “ gpCq. Using the Cauchy-Schwartz inequality we find
4pa` bq2 “
´ÿ
ai
¯2 ď 7ÿ a2i “ 7p2ab ` 2´ 2gq.
This gives
2pa´ bq2 ` ab ď 7p1 ´ gq ď 7.
One can check that the left hand side is ě 8 for all a ě 3, giving a contradic-
tion. (If b “ a, then ab ě 9. If b “ a´ 1, then the left hand side is at least
2` 3 ¨ 2 “ 8. If b ď a´ 2 then the left hand side is at least 2 ¨ 22 “ 8.) 
The following lemma is very simple, but immensly helpful to check com-
putationally the conditions for general position on a del Pezzo surface S,
seen on P2 or P1 ˆ P1.
Lemma 4.4. Let S “ P2 (respectively S “ P1ˆP1), and let p1, . . . , pn be n
points on S. Let s ď n. Then, there exists a curve of degree d (respectively
of bidegree pa, bq) through p1, . . . , pn and with singular points pi1 , . . . , pis if
and only if the kernel of the matrix M P Matn`3s,Npkq (respectively M P
Matn`2s,N) has positive dimension, where N is the number of monomials of
degree d in krx, y, zs (respectively of bidegree pa, bq in krx0, x1, y0, y1s) and
M “ ` AB ˘ is such that
(1) A P Matn,N is the matrix whose k-th row is`
m1ppiq ¨ ¨ ¨ mN ppiq
˘
for i “ 1, . . . , n, where the mj denote all monomials in krx, y, zsd of
degree d (respectively in krx0, x1, y0, y1s of bidegree pa, bq), and
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(2) (i) in the case of S “ P1, B P Mat3s,N is the matrix that
consists of the 3s rows of the form¨˚
˝ Bm1Bx ppikq ¨ ¨ ¨ BmNBx ppikqBm1By ppikq ¨ ¨ ¨ BmNBy ppikq
Bm1
Bz ppikq ¨ ¨ ¨ BmNBz ppikq
‹˛‚,
for each k “ 1, . . . , s,
(ii) in the case of S “ P1 ˆ P1, we choose for each k “ 1, . . . , s
affine coordinates x P tx0, x1u, y P ty0, y1u and take the
matrix B P Mat2s,N that consists of the 2s rows of the form˜
Bm1
Bx ppikq ¨ ¨ ¨ BmNBx ppikqBm1
By ppikq ¨ ¨ ¨ BmNBy ppikq
¸
for each k “ 1, . . . , s.
Proof. A curve C in P2 of degree d is given by a polynomial F of degree
d, which is of the form
řN
i“1 λimi, where m1, . . . ,mN are all monomials in
krx, y, zs of degree d. Taking the (row) vector v “ pλ1, . . . , λnq, the linear
equation A ¨ v “ 0 means that p1, . . . , pn lie on the curve C. Then, B ¨ v “ 0
means that the pik for k “ 1, . . . , s are singular points of the curve C.
The same argument works for a polynomial of degree pa, bq. 
Note that
N “
# pd`2qpd`1q
2
if S “ P2
pa` 1qpb` 1q if S “ P1 ˆ P1 .
4.2. The projective plane P2.
Lemma 4.5. Let k be a perfect field. Let ϕ : P2 99K P2 be the composition
of the blow-up Y Ñ P2 of an orbit P of size 3 in general position, followed
by the contraction Y Ñ P2 of the strict transforms of the three lines through
each pair of two points. Then ϕ P xJ1,AutkpP2q.
Proof. Let p P P2 be a point defined over k. Then ϕ “ τ 1 ˝ τ´1, where
τ : X Ñ P2 is the blow-up at p and P with exceptional divisors E0 and
e3 “ E3,1 ` E3,2 ` E3,3, and τ 1 : X Ñ P2 is the contraction of E0 and
e1
3
“ 3L ´ 2e3, where L is the pull-back of a general line in P2 under τ .
Let L1 in X be the pull-back of a general line in P2 under τ 1. We have
L1 “ 2L´ e3 and consider the diagram
X
Y
F0 F1 F1 F0
P2 P2
f3
e3
E0 E0
e13
f 13
e3 e13
E0
ϕ
ψ ψ1
,
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where f3 “ 3L ´ 3E0 ´ e3 and f 13 “ 3L1 ´ 3E0 ´ e13 “ f3. Let f 1 and s1 in
X be the pull-back of a general fiber respectively section in F0 under the
map X
f 1
3Ñ F0 on the right hand side, and let f and s be the pull-back of a
general fiber respectively section in F0 under the map X
f3Ñ F0 on the left
hand side. One can compute that f 1 “ L1´E0 “ 2L´e3´E0 “ s, and that
s1 “ 2L1 ´ E0 ´ e13 “ L´ E0 “ f . That is, one can choose the contractions
to F0 such that
ϕ “ ψ1´1 ˝ α ˝ ψ´1,
where α : F0
„Ñ F0 is the exchange of the fibration on P1 ˆ P1. Finally, we
remark that ϕ is generated by J1 and AutkpP2q: Let q P F0 be a fixed point
of α, for example q “ r1 : 0, 1 : 0s. Let ρ : F0 99K P2 be the map given by
the blow-up of q, followed by the contraction of two p´1q-curves. So
ϕ “ pψ1´1 ˝ ρ´1qlooooomooooon
PJ1
˝ pρ ˝ α ˝ ρ´1qlooooomooooon
PAutkpP2q
˝ pρ ˝ ψ´1qlooomooon
PJ1
is generated by J1 and AutkpP2q. 
Lemma 4.6. Let tp1, p2, p3u Ă P2 be a Galois orbit of size 3 that is not
collinear. Then, there exists an automorphism ϕ P AutF2pP2q such that
ϕppiq “ r1 : ζi : ζ2i s for i “ 1, 2, 3, where ζi are the roots of the irreducible
polynomial x3 ` x` 1 P F2rxs.
Proof. Consider the three lines Lij through pi and pj . The lines Lij do not
contain any F2-point since the action of the Galois group on the lines Lij is
cyclic of order 3. So choosing any two F2-points gives us five points of which
no three of them are collinear. Hence, up to a change of coordinates, the
conic xz ´ y2 “ 0 passes through the five points. Hence, pi “ r1 : αi : α2i s
where the αi are roots of an irreducible polynomial of degree 3. There are
only two such polynomials: x3 ` x2 ` 1 and x3 ` x ` 1. If αi are roots of
x3`x2` 1, then αi` 1 are roots of x3`x` 1. So the change of coordinates
given by rx : y : zs ÞÑ rx : y ` x : z ` xs maps the pi onto r1 : ζi : ζ2i s, where
ζi “ αi ` 1 are roots of x3 ` x` 1. 
Lemma 4.7. Let d P t6, 8u and let p P P2pF2dq be a point such that its
Galois orbit is of size d and no three points are collinear. Then either
p “ r1 : y : λs
or
p “ r1 : y : λ2 ` λys,
with y P F2d and λ P F2d{2 forming an orbit of size d2 . Moreover, we can
choose an automorphism of P2 such that λ is a root of x3 ` x` 1 if d “ 6,
or of x4 ` x` 1 if d “ 8.
Proof. Since d is even, the line L “ L
1,1` d
2
through p and Frob
d
2 ppq forms
an orbit of lines of size d
2
. There are two possibilities: Either the line (and
hence all lines of the orbit) contain an F2-point, or none of them does. In
the first case, we can choose with an automorphism of P2 that the F2-point
is r0 : 1 : 0s and hence the line L is given by z`αx “ 0, where α P F2d{2 has
a minimal polynomial of degree d
2
. Hence, the dual point of L is rα : 0 : 1s.
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For each of the minimal polynomials of degree 3 (x3`x`1 and x3`x2`1)
respectively 4 (x4 ` x ` 1, x4 ` x3 ` 1, and x4 ` x3 ` x2 ` x ` 1), there
is an automorphism of the line y “ 0 (which is P1) that sends α onto λ.
Hence, there is an automorphism that sends the line L onto z ` λx “ 0, so
p “ r1 : y : λs.
In the second case, the line L does not contain an F2-point. So the dual
point of L forms an orbit of points of size 3 respectively 4, such that no three
of the points are collinear. We can see (for orbit of size 4 see the proof of
Proposition 2.1, for the orbit of size 3 Lemma 4.6) that the dual point of L
can be chosen to be rλ2 : λ : 1s. So the line L is given by λ2x` λy ` z “ 0,
and so p “ r1 : y : λ2 ` λys. 
Lemma 4.8. The following lists one point p of each Galois orbit in general
position of size d P t3, 6, 7, 8u on P2, up to AutF2pP2q:
(1) If d “ 3, let a be the root of x3 ` x` 1. Then p “ r1 : a : a2s.
(2) If d “ 6, let a be a root of x6`x4`x3`x` 1 and set λ “ a9, which
is a root of x3 ` x` 1. Then
p “ r1 : ak : λs
for k P t2, 12u.
(3) If d “ 7, let a be a root of x7 ` x` 1. All possibilities are
r1 : a : aks,
where k P t5, 9, 10, 11, 17, 18, 22, 24, 26, 39u.
(4) If d “ 8, let a be a root of x8 ` x4 ` x3 ` x2 ` 1. Set b “ a17, which
is a root of x4 ` x ` 1. There are 38 Galois orbits of size 8, up to
AutF2pP2q, namely given by
p “ r1 : ak : baks,
where k P t2, 3, 5, 10, 11, 13, 15, 22, 29, 30, 38, 39u and
p “ r1 : ak : b2 ` baks,
where
k P t1, 5, 6, 7, 9, 10, 11, 13, 14, 15, 18, 19, 21, 22, 23,
25, 26, 27, 35, 38, 41, 42, 43, 45, 46, 54u.
Proof. Let d P t3, 6, 7, 8u. We want to find all orbits of size d in general
position on P2 up to automorphisms of P2. We consider the even cases sep-
arately: The observation of Lemma 4.7 saves computation time, especially
in the case where d “ 8.
Step 1 (d even): By Lemma 4.7, it is enough to check for each y P F2d
whether the orbit of the points r1 : y : bys respectively r1 : y : b2` bys are in
general position. If yes, we continue with Step 2 below.
For the odd case, we start like this:
Step 0 (d odd): First, we take one representative for each Galois orbit in
F2d .
Step 1 (d odd): Instead of taking all points in P2pF2dq, it is enough to take
the points of the form r1 : y : zs, where y is a representative of a Galois orbit
(of size d since d is prime) and z is any element of F2d , because all points
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of the Galois orbit of r0 : 1 : zs are collinear, and, since d ě 3, they are not
in general position on P2. For each such point we take its Galois orbit and
check whether no three points are collinear, and no 6 lie on a conic.
For even and odd d, we conclude as follows:
Step 2: Then we create two lists Ldiff and Lall. If a point p is not already
contained in Lall, we add it to Ldiff, and to Lall we add each point of the
orbit of αppq for each automorphism α of P2.
We check that the orbits are of size exactly d. We have therefore found all
points with orbits in general position on P2, up to automorphisms of P2.
We list how many points in the list we have, after each step:
d Step 0 Step 1 Step 2
3 4 8 1
6 ´ 32 2
7 20 1680 10
8 ´ 400 38
.
Note that after Step 1, in the case of d “ 8 we would have 6672 instead of
400, if we would do the same strategy as with the odd cases. 
Observe that we have already proved the case d “ 3 by hand in Lemma 4.6
We refrain from giving a geometric proof by hand for the case d “ 6 as it is
quite lengthy.
4.3. The quadric Q Ă P3. With an automorphism of P2 we can send an
orbit of size 2 in P2 onto the two points r0 : ξ : 1s and r0 : ξ2 : 1s, where
ξ is a root of x2 ` x ` 1. Then the blow-up of the orbit followed by the
contraction of the strict transform of x “ 0 gives a birational map
ρ “ ρQ : P2 99KQ
rx : y : zs ÞÑrx2 : xy : xz : y2 ` yz ` z2s
rx0 : x1 : x2s Þ Ñrx0 : x1 : x2 : x3s,
where Q is given by the zero set of x0x3 ` x21 ` x1x2 ` x22 in P3.
Observe that Q is isomorphic to P1 ˆ P1 over F4, via the composition
ϕQ “ ϕ : Q „Ñ P1 ˆ P1 of the following maps, where X Ă P3 is given by
z0z3 “ z1z2 and ξ is a (fixed) root of x2 ` x` 1 “ 0:
QÑX
rx0 : x1 : x2 : x3s ÞÑrx0 : x1 ` ξx2 : x1 ` pξ ` 1qx2 : x3s
rz0 : pξ ` 1qz1 ` ξz2 : z1 ` z2 : z3s Þ Ñrz0 : z1 : z2 : z3s,
X ÑP1 ˆ P1
rx0 : x1 : x2 : x3s ÞÑ
$’’’’&’’’’%
prx0 : x2s, rx0 : x1sq
prx1 : x3s, rx0 : x1sq
prx0 : x2s, rx2 : x3sq
prx1 : x3s, rx2 : x3sq
rx0y0 : x0y1 : x1y0 : x1y1s Þ Ñprx0 : x1s, ry0 : y1sq.
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Lemma 4.9. The isomorphism ϕQ “ ϕ : Q „Ñ P1 ˆ P1 defined over F4
induces an action of Frobenius on P1 ˆ P1:ĆFrob “ ϕ ˝ FrobQ ˝ϕ´1 : rx0 : x1, y0 : y1s ÞÑ ry20 : y21, x20 : x21s,
where FrobQ is the Frobenius on Q.
Proof. One can check that the composition ϕ˝FrobQ ˝ϕ´1 : P1ˆP1 Ñ P1ˆP1
is as described in the statement, where ϕ : Q Ñ P1 ˆ P1 is the morphism
from above, and FrobQ is the Frobenius on Q (induced from the Frobenius
on P3). 
Lemma 4.10. Let d ě 3 and set n “ lcmp2, dq. Let p P pP1ˆP1qpF2nq be a
point. Assume that the Galois orbit of p with respect toĆFrob from Lemma 4.9
is of size d and in general position on P1 ˆ P1. Then p “ prx : 1s, ry : 1sq
with x, y P F2nzt0u. Moreover, if d is odd, then y “ x2d .
Proof. Note that if d is even thenĆFrobdprx0 : x1s, ry0 : y1sq “prx2d0 : x2d1 s, ry2d0 : y2d0 sq,
and if d is even thenĆFrobdprx0 : x1s, ry0 : y1sq “pry2d0 : y2d0 s, rx2d0 : x2d1 sq.
In particular, an orbit of size ě 3 of a point p “ pr1 : 0s, ry0 : y1sq also
contains ĆFrob2ppq “ pr1 : 0s, rpy0q4 : py1q4sq, so two points of the orbit lie on
the p1, 0q-curve given by x1 “ 0 and so the orbit is not in general position
on P1ˆP1. Similarly, the orbit of a point prx0 : x1s, r1 : 0sq is not in general
position. So p “ prx : 1s, ry : 1sq with x, y P F2nzt0u. Note thatĆFrobdppq “ p
implies:
(1) If d is even then x2
d “ x and y2d “ y, so x2d´1 “ y2d´1 “ 1, which
is true for all elements x, y P F2n “ F2d .
(2) If d is odd, then y2
d “ x and x2d “ y. So x “ px2dq2d , hence
x2
2d´1 “ 1, which is true for all elements in F2n since n “ 2d.

Lemma 4.11. Let k be a perfect field. Let ρ : P2 99K Q be a birational map
given by the blow-up of a Galois orbit of size 2, followed by the contraction
of the strict transform of the line through the two points. Then
ρ´1 ˝AutkpQq ˝ ρ Ă xJ1,AutkpP2qy.
Proof. Let p P Q be the point onto which the line through the orbit of size
2 is contracted. Let α P AutkpQq and set r “ α´1ppq. If r “ p, then
ψ “ ρ´1 ˝ α ˝ ρ is an automorphism of P2. If r ‰ p, we take the resolution
X Ñ P2 of ψ: Let τ : X Ñ P2 be the blow-up at the orbit of size 2 and at
the point r, with exceptional divisors e2 “ E1 ` E2 and E3. Let L be the
pull-back of a general line under τ . Then, ψ “ τ 1 ˝ τ´1 where τ 1 : X Ñ P2
is the contraction of E13 “ L ´ e2 and the orbit of the two p´1q-curves
E1i “ L´Ei´E3 for i “ 1, 2. Let L1 be the pull-back of a general line under
τ 1. We find L1 “ 2L´E1´E2´E3. (We write L1 “ dL´b1E1´b2E2´aE3.
With 0 “ L1 ¨ E1i we find a “ d´ bi for i “ 1, 2, so bi “ b and d “ 2b. With
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1 “ pL1q2 we get a “ b “ 1 and d “ 2.) Therefore, L1 ´ E13 “ L´ E3. This
means that the pencil of lines through q “ ρ´1prq is mapped onto the pencil
of lines through q1 “ ρ´1ppq. Hence, there exists an automorphism of P2
that sends q1 onto q and so ψ P xJ1AutkpP2qy. 
With a simple computation by the computer we find all 120 elements of
AutF2pQq “ tα P PGL4pF2q | αpQq “ Qu.
Lemma 4.12. Let d P t4, 6, 7u. The following lists one point p of ϕpPq Ă
P1 ˆ P1 of each Galois orbit P Ă Q of size d in general position on Q, up
to AutF2pQq:
(1) There is no Galois orbit of size 4 in general position on Q.
(2) If d “ 6, let a be a root of x6 ` x4 ` x3 ` x` 1. Then
p “ pra : 1s, rak : 1sq,
where k P t3, 5, 6, 7, 13u.
(3) If d “ 7 let a be a root of x14 ` x7 ` x5 ` x3 ` 1. Then
p “ prak : 1s, ra128¨k : 1sq,
where k P t1, 3, 5, 7, 9, 11, 13, 15, 17, 21, 25, 29, 33, 37, 47, 61, 87, 133u.
Proof. Let d P t4, 6, 7u. Instead of listing all elements in QpF2dq, we set
n “ lcmp2, dq and list all elements of P1 ˆ P1 defined over F2n and consider
the orbits with induced Galois action from Lemma 4.9.
Step 1: By Lemma 4.10 it is enough to consider the points of the form
prx : 1s, ry : 1sq with x, y P F2nzt0u, and if d is odd, for a given x we set
y “ x2d .
Step 2: We only take one point per Galois orbit (with respect to the action
of ĆFrob from Lemma 4.9), and only the orbits of size exactly d.
Step 3: We check which orbits lie in general position on P1 ˆ P1.
Step 4: We move the points from P1 ˆ P1 to Q. We create a list: For each
point p and each automorphism α P AutF2pQq, we check whether a point of
the orbit of αppq is already contained in it. If not, we add it.
We list how many points in the list we have, after each step:
d Step 1 Step 2 Step 3 Step 4
4 225 54 0 0
6 3969 650 480 5
7 16383 2340 2160 18
.

4.4. The del Pezzo surface D5 of degree 5. Before we start we recall
some basic facts of del Pezzo surfaces of degree 5 over an algebraically closed
field.
Over an algebraically closed field k there is a unique del Pezzo surface
S of degree 6 that is given by the blow-up pi : S Ñ P2 at the four points
p1 “ r1 : 0 : 0s, p2 “ r0 : 1 : 0s, p3 “ r0 : 0 : 1s and p4 “ r1 : 1 : 1s. The
automorphisms of S are well known: There is an isomorphism
AutpSq „Ñ Sym5
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by the action on the five sets of four disjoint p´1q-curves
F1 “ tE1,D23,D24,D34u,
F2 “ tE2,D13,D14,D34u,
F3 “ tE3,D12,D13,D24u,
F4 “ tE4,D12,D13,D23u, and
F5 “ tE1, E2, E3, E4u,
where Dij denotes the strict transform of the line through pi and pj, and Ei
denotes the exceptional divisor of pi.
Over F2, any del Pezzo surface of degree 5 that is rational and of Picard
rank 1 (or, a rational Mori fiber space over a point) is given as the image
D5 of a birational map
ρ : P2 99K D5
that is the blow-up of a Galois orbit P5 of size 5 on P
2, followed by the con-
traction of the strict transform of the conic through the five points. Recall
that over F2 there is a unique Galois orbit of size 5 in P
2, up to the action
of PGL3pF2q. Hence, D5 is unique.
Note that there is no birational morphism D5 Ñ P2 that is defined over
F2. Over the algebraic closure (F25 is enough), however, the del Pezzo
surface D5 is the blow-up of P
2 at four points. (The four points are not
Galois-invariant!) The following remark shows this explicitly.
Remark 4.13 (p´1q-curves on X4 over ĎF2). Let L be the pull-back of a
general line in P2 under X4
P5Ñ P2, and we denote by e5 “ E1 ` ¨ ¨ ¨ `E5 the
sum of the exceptional divisors of P5 on X4. The sixteen p´1q-curves on X4
are
‚ E1, . . . , E5,
‚ the conic C “ 2L´ e5 and
‚ the lines L´ Ei ´ Ej for i ‰ j.
For a fixed i, the four p´1q-curves E1j “ L´Ei´Ej with j ‰ i are pairwise
disjoint, and each of them is disjoint with C. Writing e4 “ E11` ¨ ¨ ¨`E14 we
get a contraction X4
CÑ D5 e4Ñ P2 that is only defined over ĎF2.
We want to work over the algebraic closure of F2. We set
E1j “ L´ Ej ´ E5
for j “ 1, . . . , 4 and write e4 “ E11`¨ ¨ ¨`E14. As in Remark 4.13 we obtain a
birational map ϕ : P2 99K P2 that is only defined over F25 and a commutative
diagram
X4
D5
P2 P2
C
e5
ϕ
ρ
pi
,
GENERATORS OF THE PLANE CREMONA GROUP OVER THE FIELD WITH TWO ELEMENTS37
where pi : D5 Ñ P2 is the contraction of e4, which is a birational map defined
over F25 .
We want to find all Galois orbits of size d on D5, up to AutF2pD5q, where
d P t3, 4u. We persue the following strategy: Consider α P PGL3pF25q that
sends the base points of pi´1 onto the coordinate points p1 “ r1 : 0 : 0s,
p2 “ r0 : 1 : 0s, p3 “ r0 : 0 : 1s and p4 “ r1 : 1 : 1s and replace pi with α ˝ pi
and ϕ with α ˝ ϕ.
The usual Frobenius Frob on P2 (respectively on D5) induces a Frobenius
morphism ĆFrob on P2 via ĆFrob “ ϕ ˝ Frob ˝ϕ´1.
So we will study Galois orbits of size d on P2 with respect to ĆFrob, and
check whether the orbit is in general position on P2 with the coordinate
points p1, . . . , p4. Then we will determine
pi ˝AutF2pD5q ˝ pi´1.
We begin by giving ϕ : P2 99K P2 defined over F25 explicitely.
Lemma 4.14. Let k be perfect field. Let σ : X Ñ P2 be the blow-up at five
points q1, . . . , q5 in general position, and let τ : X Ñ P2 be the contraction
of the strict transform of the conic through q1, . . . , q5, followed by the con-
traction of the four lines that pass qi and q5, for i “ 1, . . . , 4. Then, the
birational map ϕ “ τ ˝σ´1 : P2 99K P2 is given by the linear system of cubics
through the five points that have a singularity at q5.
Moreover, over F2 by taking the Galois orbit of q5 “ r1 : a : a2s of size 5,
where a is a root of the polynomial x5`x2` 1, we can write ϕ explicitely as
rx : y : zs ÞÑ rf0 : f1 : f2s,
where
f0 “a´1A` a12B ` a15xy2 ` a5y3 ` a24x2z ` a26xyz,
f1 “A` a24B ` a22C ` a7y3 ` a3x2z,
f2 “a8A` a25B ` aC ` a23y3 ` x2z,
with
A “x2y ` z3 ` apx3 ` yz2q,
B “zpy2 ` xzq,
C “xypa15y ` zq.
Proof. Let L (respectively L1) be the pull back of a general line in P2 under
σ (respectively τ). We dentoe by E1, . . . , E5 the exceptional divisors of
q1, . . . , q5. We write C “ 2L ´ E1 ´ ¨ ¨ ¨ ´ E5 for the conic that passes
through q1, . . . , q5, and E
1
i “ L´ Ei ´ E5 for the lines through qi and q5.
We write L1 “ dL ´ř5i“1 aiEi. With L1 ¨ E1i “ 0 we find ai “ d ´ a5 for
i “ 1, . . . , 5. With L1 ¨ p´KXq “ 3 we get d “ 3a5 ´ 3, and finally pL1q2 “ 1
gives us p4a5 ´ 7qpa5 ´ 2q “ 0. Therefore, we find L1 “ 3L´
ř
4
i“1Ei ´ 2E5,
proving the lemma.
One can check that the explicit map in the statement is indeed given by
cubics through the orbit of r1 : a : a2s, with a singularity at r1 : a : a2s. 
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Lemma 4.15. The Frobenius morphism on D5 induces a Frobenius on P
2,
given byĆFrob “ ϕ ˝ Frob ˝ϕ´1 : rx : y : zs ÞÑ rx2y2 : y2px2 ` z2q : x2py2 ` z2qs.
Proof. In Lemma 4.14 we have given explicit equations for ϕ. One can check
that ϕ ˝ Frob “ĆFrob ˝ ϕ. 
Lemma 4.16. Let d P t3, 4u and set n “ lcmp5, dq. Let p P P2pF2nq be point
that is not collinear with two of the points r1 : 0 : 0s, r0 : 1 : 0s, r0 : 0 : 1s
and r1 : 1 : 1s. Assume that the Galois orbit of p with respect to ĆFrob from
Lemma 4.15 is of size d. Then p “ r1 : a : bs with a, b P F2n such that the
following holds:
(1) If d “ 3, then b73`b72`b64`b57`b9`b8`b “ 1 and a “ pb8`b7`1q´1.
(2) If d “ 4, then a257 ` a16 “ 1 and b “ 1` a16.
Proof. Since p is not collinear with two of the four coordinate points, we can
write p “ r1 : a : bs. We list the first few iterations of ĆFrob:ĆFrob2 “ ry4px4 ` z4q : z4px4 ` z4q : z4px4 ` y4qsĆFrob3 “ ry8px8 ` z8q : x8py8 ` z8q : y8py8 ` z8qsĆFrob4 “ rx16px16 ` z16q : x16px16 ` y16q : px16 ` y16qpx16 ` z16qs.
If d “ 4 this gives
r1 : a : bs “ r1 : 1` a
16
1` b16 : 1` a
16s,
hence b “ 1 ` a16, and so a “ 1`a16
1`p1`a16q16 , which implies that a “ 1`a
16
a256
,
which gives us a257 “ a16 ` 1.
If d “ 3, we get
r1 : a : bs “ r1 : a
8 ` b8
a8p1` b8q :
a8 ` b8
1` b8 s.
So we find in the second equation bp1`b8q`b8 “ a8, and replacing a8 in the
first equation gives a “ 1
b8`b7`1 . Now, replacing a in the second equation
gives us pb64 ` b56 ` 1qpb9 ` b8 ` bq “ 1, which is equivalent to the form in
the statement. 
Lemma 4.17. The group pi ˝AutF2pD5q ˝ pi´1 is generated by
h : rx : y : zs ÞÑ rxy : ypx` zq : xpy ` zqs.
Proof. In the beginning of this section, we have described that the auto-
morphisms of the del Pezzo surface S of degree 5 over an algebraically
closed field is isomorphic to Sym5, via the permutations of the five sets
Fi “ tE1i,Djkuj,k‰i for i “ 1, . . . , 4, and F5 “ tE11, . . . , E15u, where the E1i
are the exceptional divisors corresponding to the four points p1 “ r1 : 0 : 0s,
p2 “ r0 : 1 : 0s, p3 “ r0 : 0 : 1s, and p4 “ r1 : 1 : 1s, and Djk “ L1 ´E1j ´E1k,
where L1 is the pull-back of a general line under the blow-up S Ñ P2 at
p1, . . . , p4.
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Let L be the pull-back of a line under the map ρ : P2 99K D5, and let
E1, . . . , E5 denote the exceptional divisors of the orbit P5 of size 5. Observe
that Fi “ tL ´ Ej ´ Eiuj‰i for i “ 1, . . . , 5. Since the Galois group is
generated by Frobenius, which maps F1 ÞÑ F2 ÞÑ F3 ÞÑ F4 ÞÑ F5 ÞÑ F1,
the automorphism group AutF2pD5q is generated by the cycle p1 2 3 4 5q “
p1 2 3 4q p4 5q .
For the del Pezzo surface S of degree 5 that is given by the blow-up of
P2 at the four points r1 : 0 : 0s, r0 : 1 : 0s, r0 : 0 : 1s and r1 : 1 : 1s, the cycle
p1 2 3 4 5q induces on P2 the birational map h : rx : y : zs ÞÑ rxy : ypx´ zq :
xpy ´ zqs [Bla06, Proposition 6.3.7]. We obtain the diagram
S S
D5 D5
P2 P2 P2 P2ϕ
ρ
h
ϕ´1
ρ´1
p1 2 3 4 5q
pi pi
.

Lemma 4.18. Let d P t3, 4u and set n “ lcmpd, 5q. Let P be an orbit of size
d on D5 in general position. Then, up to AutF2pD5q, one point of the Galois
orbit pipPq (with respect to ĆFrob) is given by one of the following points in
P2pF2dq:
(1) If d “ 3, let a be a root of x15 ` x5 ` x4 ` x2 ` 1. Then
p “ r1 : λpakq : aks,
where λpzq “ pz8 ` z7 ` 1q´1 and
k P t1103, 4911, 4959, 5323u.
(2) If d “ 4, let a be a root of x20`x10`x9`x7`x6`x5`x4`x` 1.
Then
p “ r1 : ak : 1` a16s,
where
k P t121, 10293, 17789, 18725, 40151, 40331, 43157, 50865,
77161, 169277, 211821, 216373.u
Proof. We consider the situation of pipPq with the Galois action of ĆFrob.
So we want to find all points p P P2pF2nq that belong to an orbit of size
d with respect to ĆFrob, which we have explicitely in Lemma 4.15. We only
want orbits that are in general position on D5, hence no point of the orbit
lies on a p´1q-cuve in D5, which translates to no point being collinear with
two of the points r1 : 0 : 0s, r0 : 1 : 0s, r0 : 0 : 1s, and r1 : 1 : 1s. By
Lemma 4.16 it is enough to consider points of the form p “ r1 : A : Bs.
Step 0: In the case d “ 3 (respectively d “ 4), we start by listing all ele-
ments B (respectively A) in F2n that satisfy the condition from Lemma 4.16,
and then set A (respectively B) as needed. So we have a list of points p that
contains all that form an orbit of size d.
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Step 1: From this list, we take only one point per orbit, and we check that
its orbit is of size exactly d.
Step 2: For each point, we check that they are in general position with the
four coordinate points.
Step 3: For each point and each automorphism (that we have explicitely
thanks to Lemma 4.17), we only take one point per orbit.
We list the number of points we get after each step:
d Step 1 Step 2 Step 3
3 65 20 20 4
4 257 60 60 12
.

Remark 4.19. We can take the orbits pipPq back to P2 via ϕ´1. There, it
forms a Galois orbit with respect to the usual Galois action. Let q “ ϕ´1ppq,
where the p are as above.
(1) If d “ 3, let c be a root of x3 ` x` 1. Then
q P tr0 : c : 1s, rc3 : 0 : 1s, rc : 0 : 1s, rc : c : 1su,
where we have taken for ϕ the root a1057 of x5 ` x2 ` 1.
(2) If d “ 4, let c be a root of x4 ` x` 1. Then
q P trc11 : 0 : 1s, rc : 0 : 1s, rc3 : c13 : 1s, rc11 : c4 : 1s, r0 : c : 1s,
rc8 : c7 : 1s, rc10 : c13 : 1s, rc13 : c : 1s, rc11 : c5 : 1s,
rc3 : c2 : 1s, rc2 : c19 : 1s, rc9 : c2 : 1su.
where we have taken for ϕ the root a135300 of x5 ` x2 ` 1.
Lemma 4.20. Let ρ : P2 99K D5 be as above. Then,
ρ´1 ˝AutF2pD5q ˝ ρ Ă xJ1,AutF2pP2qy.
Proof. Let p1 P D5 be the point onto which the conic through P “ P5
is contracted to by ρ. Let α P AutF2pD5q and set p “ αpp1q P D5. If
p “ p1, then ρ´1 ˝ α ˝ ρ P AutF2pP2q. So we assume that p ‰ p1 and consider
the blow-up τ : X3 Ñ P2 of p and P, with exceptional divisors E0 and e5 “
E1`¨ ¨ ¨`E5. Let L be the pull-back of a general line in P2 under τ . Note that
for j “ 1, . . . , 5 the strict transforms of the conics E1j “ 2L´
ř
i‰j Ei where
the sum runs from 0 to 5 give an orbit e15 “ E11 ` ¨ ¨ ¨ `E15 on X3 of disjoint
p´1q-curves of size 5, that are disjoint with the p´1q-curve E10 “ 2L ´ e5.
Hence, e15 is a disjoint orbit of p´1q-curves also on Y4, where X3 Ñ Y4 is the
contraction of E1
0
. The contraction of e1
5
on Y4 gives a contraction morphism
to P2. Up to an automorphism of P2 there is only one orbit of size 5 in P2.
Hence Y4 “ X4.
Let L1 on X3 be the pull-back of a general line in P2 under τ 1, where
τ 1 : X3 Ñ P2 is the contraction of E10 and e15. So we obtain the diagram
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X3 X3 X3
X4 X4
F0 F1 D5 D5 F1 F0
P2 P2
E0 E10
E10
e5
E0
e15
»
α
E0
e5f5
E10
e15 f
1
5
ψ ψ1ρ ρ´1
,
where f5 “ F1`¨ ¨ ¨`F5 with Fj “ L´E0´Ej and f 15 “ F 11`¨ ¨ ¨`F 15 with
F 1j “ L1 ´E10 ´ E1j .
Let s1 and f 1 be the pull-back under X3
f 1
5Ñ F0 of a general section re-
spectively fiber on F0, and let s and f be the pull-back under X3
f5Ñ F0 of
a general section respectively fiber on F0. We will prove that s
1 “ f and
f 1 “ s. For this we first write L1 “ dL ´ ř5i“0 aiEi. With 0 “ L1 ¨ E1j
we find 2d “ ři‰j ai for j “ 0, . . . , 5. So a “ ai for i “ 0, . . . , 5. With
3 “ L1 ¨ p´KX3q we find d “ 2a`1. And finally 1 “ pL1q2 gives a “ 2 and so
L1 “ 5L´2E0´2e5. We have f “ L´E0 and f 1 “ L1´E10 “ 3L´e5´2E0.
Now we write s “ dL ´ ř5i“0 aiEi. With 1 “ s ¨ f we find a0 “ d ´ 1.
The equation 0 “ s2 gives us 2d “ 1 `ř5i“1 a2i . With 2 “ p´KX3q ¨ s we
get 2d “ 1 ` ř5i“1 ai. Hence, a1 “ ¨ ¨ ¨ “ a5 and so s “ 3L ´ e5 ´ 2E0,
which is equal to f 1. Similarly, we get s1 “ 3L1 ´ e15 ´ 2E10, which is equal
to L´ E0 “ f .
So we can assume that ρ´1 ˝α ˝ ρ “ ψ1´1 ˝ ι ˝ψ´1, where ι : F0 „Ñ F0 is the
exchange of fibration of P1ˆ P1. With the same argument as in Lemma 4.5
this is generated by J1 and AutF2pP2q. 
4.5. The del Pezzo surface D6 of degree 6. Over any algebraically
closed field k there is a unique del Pezzo surface S of degree 6 that is given
by the blow-up S Ñ P2 at the three coordinate points. It can be described
as the zero set
S “ tprx : y : zs, ru : v : wsq P P2 ˆ P2 | xu “ yv “ zwu
in P2ˆP2, where the projection onto the first coordinates denotes the blow-
up at the coordinate points. The automorphisms of S are well known:
AutkpSq “ pk˚q2 ¸ pSym3ˆZ{2Zq,
where Sym3 is the group of permutations of x, y, z, for example
prx : y : zs, ru : v : wsq ÞÑ pry : z : xs, rv : u : wsq,
and Z{2Z is generated by the involution
prx : y : zs, ru : v : wsq ÞÑ pru : v : ws, rx : y : zsq,
and pa, bq P pk˚q2 denotes the toric map
tpa,bq : prx : y : zs, ru : v : wsq ÞÑ prx : ay : bzs, rabu : bv : awsq.
By blowing up a fourth point, say r1 : 1 : 1s, and contracting the strict
transforms of the three lines through r1 : 1 : 1s and a coordinate point, we
get a birational map P2 99K S 99K P1 ˆ P1:
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Lemma 4.21. Let k be any algebraically closed field. Let ϕ : P1ˆP1 99K P2
be the birational map given by the blow-up X5 Ñ P1ˆP1 of p1 “ r1 : 0, 1 : 0s,
p2 “ r0 : 1, 0 : 1s and p3 “ r1 : 1, 1 : 1s, followed by the contraction X5 Ñ P2
of the strict transform of the p1, 1q-curve through the three points as well
as the strict transforms of the three fibers through the points. Then ϕ is
determined by the linear system of bidegree p1, 2q through p1, p2, and p3.
We can explicitely write the map ϕ : P1 ˆ P1 99K P2 as
rx0 : x1, y0 : y1s ÞÑ rpx0 ` x1qy0y1 : x0y1py0 ` y1q : x1y0py0 ` y1qqs,
with inverse map
rypx` zq : zpx` yq, x` z : x` ys Þ Ñrx : y : zs,
which has three base points r1 : 0 : 0s, r0 : 1 : 0s and r0 : 0 : 1s.
Proof. Let Ei denote the exceptional divisor of pi on X5 and lLet L be the
pull-back of a general line in P2. The curves contracted by ϕ are the strict
transform of the three fibers E1i “ f ´ Ei through pi for i “ 1, 2, 3, and the
strict transform E10 “ s` f ´ E1 ´ E2 ´ E3 of the p1, 1q-curve through the
four points, where f is the pullback of a general fiber and s the pullback of
a general section in P1 ˆ P1. We write L “ as ` bf ´ ř3i“1 aiEi and get
with 0 “ L ¨ E1i that a “ ai for i “ 1, 2, 3. With 3 “ L ¨ p´KX5q we find
a “ 2b´3. Since 1 “ pLq2 we get p4b´7qpb´2q “ 0, hence b “ 2 and a “ 1.
Therefore, L “ s ` 2f ´ E1 ´ E2 ´ E3. This also gives us s “ L´ E10 and
f “ 2L´ E10 ´E11 ´ E12 ´ E13, giving the inverse map. 
So we see: The situation over an algebraically closed field is fairly easy.
When we are working over F2, we want to make use of that.
Over F2, the only del Pezzo surface of degree 6 that is rational and a
Mori fiber space over a point (or a rational del Pezzo surface of degree 6
with Picard rank 1) is given by the blow-up of an orbit of size 3 on the
quadric Q Ă P3, followed by the contraction of the strict-transform of the
p1, 1q-curve through the orbit. (So over ĎF2 this is the birational map ϕ from
above.) The situation we are interested in over F2 is as follows:
Let P2 and P3 denote Galois orbits of size 2 respectively 3 in P
2, where
P3 is not collinear.
Remark 4.22. Up to the action of PGL3pF2q, the orbits P2 and P3 are unique.
Indeed, let C Ă P2 be the conic through P2 and P3, which is defined over
F2. With an automorphism in PGL3pF2q we can assume C to be given by
yz ` x2 “ 0. On C » P1, there is only one orbit of size 2. There are two
orbits of size 3 on C, but there is an automorphism of C that maps one onto
the other.
Hence, there is a unique del Pezzo surface D6 of degree 6 that is the image
of the birational map
ρ “ σ ˝ η : P2 99K D6,
where η “ ρQ : P2 99K Q is (as in Section 4.3) the blow-up X7 Ñ P2 of P2
followed by the contraction of the strict transform E1
1
of the line through P2,
and σ : Q 99K D6 is the blow-up X5 Ñ Q of P3, followed by the contraction
of the strict transform E1
0
of the conic through P2 and P3. So we have a
diagram as follows, where Y4 is the blow-up at P2 and P3 in P
2:
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Y4
X5
X7 D6.
Q
P2
P3
E11
P2
E10
ρ
η
σ
The following remark shows explicitely that there is no birational mor-
phism D6 Ñ P2 that is defined over F2.
Remark 4.23. Let L be the pull-back of a general line in P2 under the
blow-up Y4
P2,P3ÝÑ P2 and set s “ L ´ E2,2 and f “ L ´ E2,1, where E2,i
denote the exceptional divisors of P2. We write e2 “ E2,1 ` E2,2, and
e3 “ E3,1 ` E3,2 ` E3,3, where E3,i are the exceptional divisors of P3. So
Y4 Ñ D6 is the contraction of E11 “ L´e2 and E10 “ 2L´e2´e3 “ s`f´e3.
The six p´1q-curves on D6 are
‚ f ´ E3,j for j “ 1, 2, 3, and
‚ s´ E3,j for j “ 1, 2, 3.
Both triplets f ´ E3,j (respectively s ´ E3,j) of p´1q-curves are pairwise
disjoint, and disjoint from E10 and E11. Hence, the contraction of e13 “
E1
3,1 `E13,2 `E13,3 gives a birational morphism pi : D6 Ñ P2 over ĎF2 but not
over F2 because the triplets are not Galois-invariant.
We want to find all Galois orbits of size d on D6, up to AutF2pD6q, where
d P t2, 3, 4, 5u. We persue the following strategy: We compose the isomor-
phism β “ ϕQ : Q „Ñ P1ˆP1 over F4 from Section 4.3 with the automorphism
γ of P1ˆP1 over F26 that sends βpP3q onto the nice points q1 “ r1 : 0, 1 : 0s,
q2 “ r0 : 1, 0 : 1s, q3 “ r1 : 1, 1 : 1s. Then, we apply the birational map
ϕ : P1 ˆ P1 99K P2 from Lemma 4.21.
So over F26 we have an isomorphism α “ γ ˝ β and the following diagram
X5
S
Q P1 ˆ P1 P1 ˆ P1
P2.ϕ
„
β
„
γ
α
inducing an isomorphism over F26 between D6 and the “nice” del Pezzo
surface S Ă P2 ˆ P2 of degree 6, that is the blow-up of the three coordinate
points in P2. So we transform our question via ϕ ˝γ ˝β. We will see what the
induced Frobenius looks like, and which automorphisms of S are invariant
under this action.
Lemma 4.24. Let α “ γ ˝ β : Q „Ñ P1ˆP1 defined over F26. The Frobenius
FrobQ on Q induces a Frobenius ĆFrob “ ϕ ˝α ˝FrobQ ˝α´1 ˝ϕ´1 on P2, which
is given by
rx : y : zs ÞÑ rx2z2 : x2y2 : y2z2s.
(On S Ă P2 ˆ P2 this is prx : y : zs, ru : v : wsq ÞÑ prv2 : w2 : u2s, ry2 : z2 :
x2sq.)
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Proof. From Lemma 4.9 we already know that Frob1 “ β ˝ FrobQ ˝β´1 is
given by
rx0 : x1, y0 : y1s ÞÑ ry20 : y21 , x20 : x21s.
So it remains to see that ˝ϕγ ˝ Frob1 ˝γ´1 ˝ ϕ´1 is explicitely given as in the
statement. For this, we fix coordinates and give γ explicitely:
Let a be a root of x6 ` x4 ` x3 ` x ` 1. We set ξ P F4 that appears in
the isomorphism Q
„Ñ P1ˆP1 defined over F4 to be a21, and we set b “ a54,
which has minimal polynomial x3`x2` 1. We take P3 in Q to be the orbit
of rb2 : 0 : b : 1s (which is in general position on Q). So we can write the
automorphism γ : P1 ˆ P1 „Ñ P1 ˆ P1 that sends P3 onto the three “nice”
points of P1 ˆ P1 as
rx0 : x1; y0 : y1s ÞÑ ra18x0 ` a21x1 : x0 ` a12x1; a18y0 ` a42y1 : y0 ` a33y1s,
and its inverse as
rx0 : x1; y0 : y1s ÞÑ ra12x0 ` a21x1 : x0 ` a18x1; a33y0 ` a42y1 : y0 ` a18y1s.
One can do the computation to check that ĆFrob is indeed given as in the
statement. 
Lemma 4.25. The automorphisms of S that are invariant under the Frobe-
nius action from Lemma 4.24 are
H “ ttpa,a2q ˝ pj ˝ ιi | i P t0, 1u, j P t0, 1, 2u, a P F˚4u,
where
p : prx : y : zs, ru : v : wsq ÞÑpry : z : xs, rv : w : usq,
tpa,bq : prx : y : zs, ru : v : wsq ÞÑprx : ay : bzs, rabu : bv : awsq,
ι : prx : y : zs, ru : v : wsq ÞÑpru : v : ws, rx : y : zsq.
and ξ P F4 is a zero of x2 ` x ` 1. Moreover, the projection onto the first
coordinates gives
ϕ ˝ ρ´1 ˝AutF2pD6q ˝ ρ ˝ ϕ´1.
Proof. We want to determine the subgroup
tg P pF26q˚ ¸D12 | g ˝ĆFrob “ĆFrob ˝ gu
of AutF
26
pSq. Note that it is enough to consider the projection onto the
first coordinates. We write g “ t ˝ δ, where t “ tpa,bq is a toric map, and
δ P D12 “ Sym3ˆZ{2Z is of the form δ “ q ˝ ιi, where q P Sym3 and ι is the
standard quadratic transformation with i P t0, 1u. Note that
t´1pa,bq “ tpa´1,b´1q “ ι ˝ tpa,bq ˝ ι,
and ĆFrob “ ι ˝p ˝F , where F is the usual Frobenius on P2, sending rx : y : zs
to rx2 : y2 : z2s, and p P Sym3 is the permutation rx : y : zs ÞÑ ry : z : xs
(that is, p is the generator of the cyclic group of order 3 in Sym3). Observe
that F and ι commute with each other, and also with Sym3. We compute
g ˝ĆFrob “ pt ˝ q ˝ ιiq ˝ pι ˝ p ˝ F q
“ t ˝ ι ˝ F ˝ q ˝ p ˝ ιi
“ ι ˝ t´1 ˝ F ˝ q ˝ p ˝ ιi
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and ĆFrob ˝ g “ pι ˝ p ˝ F q ˝ pt ˝ q ˝ ιiq.
So if g and ĆFrob commute, then we find by composing from the left with ι
and from the right with ιi that
t´1 ˝ F ˝ q ˝ p “ p ˝ F ˝ t ˝ q.
Note that F , t, and t´1 all fix x “ 0, y “ 0, and z “ 0. This implies in
particular that q and p commute. Hence, q belongs to the subgroup of order
3 in Sym3, which is generated by p. That is, q “ pk for k P t0, 1, 2u.
We use this to find conditions on t “ tpa,bq for a and b. Replacing q “ pk
above we find
t´1 ˝ F ˝ pk`1 “ p ˝ F ˝ t ˝ pk
and so by composing on the right with p´k we find
t´1 ˝ F ˝ p “ p ˝ F ˝ t,
which means that
p ˝ F ˝ tprx : y : zsq “ ra2y2 : b2z2 : x2s
equals
t´1 ˝ F ˝ pprx : y : zsq “ ry2 : 1
a
z2 :
1
b
x2s “ rby2 : b
a
z2 : x2s.
Hence, b “ a2 and b
a
“ b2, hence a3 “ 1. 
Lemma 4.26. Let d P t2, 3, 4, 5u and set n “ lcmp6, dq. Let p P P2pF2nq be
a point that is not collinear with two of the three points r1 : 0 : 0s, r0 : 1 : 0s,
and r0 : 0 : 1s. Assume that p forms an orbit of size d with respect to ĆFrob.
Then p “ ra : b : 1s with a, b P F2n such that the following holds:
‚ If d “ 2, then b21 “ 1 and a “ b´4.
‚ If d “ 3, then a9 “ b9 “ 1.
‚ If d “ 4, then a16¨17`1 “ 1 and b “ a´16.
‚ If d “ 5, then b32¨31`1 “ 1 and a “ b32.
Proof. We start by listing the first few iterates of ĆFrob:ĆFrob2 “ rz4 : x4 : y4s,ĆFrob3 “ ry8z8 : x8z8 : x8y8s,ĆFrob4 “ ry16 : z16 : x16s,ĆFrob5 “ rx32y32 : y32z32 : x32z32s.
Since p is not collinear with two coordinate points, we can write p “ ra : b :
1s. So we look for a, b that satisfy ĆFrobdpra : b : 1sq “ ra : b : 1s: So d “ 2
gives a “ 1
b4
and b “ a4
b4
. This gives b21 “ 1. For d “ 3 we get a9 “ b9 “ 1.
For d “ 4 we have a “ b16
a16
and b “ 1
a16
. This implies a “ a´16¨16 ¨ a´16,
hence a16¨17`1 “ 1. For d “ 5 we obtain a “ b32 and b “ b32
a32
“ 1
b32¨31
and so
b32¨31`1 “ 1. 
46 JULIA SCHNEIDER
Lemma 4.27. Let d P t2, 3, 4, 5u and set n “ lcmp6, dq. Let P be a Galois
orbit of size d on D6. Then, up to AutF2pD6q, the orbit Q “ ϕ ˝α ˝σ´1pPq Ă
P2 (with respect to ĆFrob) is given by one of the following points p P Q:
(1) If d “ 2, then
p “ ra´12 : a3 : 1s,
where a is a root of x6 ` x4 ` x3 ` x` 1.
(2) If d “ 3, then
p “ r1 : ak : 1s,
where k P t7, 21u and a is a root of x6 ` x4 ` x3 ` x` 1.
(3) If d “ 4, let a be a root of x12 ` x7 ` x6 ` x5 ` x3 ` x ` 1. Set
r “ 2n´1
16¨17`1 “ 15. Then
p “ rark : a´16rk : 1s,
where k P t1, 3, 7, 9u.
(4) If d “ 5, let a be a root of x30 ` x17 ` x16 ` x13 ` x11 ` x7 ` x5 `
x3 ` x2 ` x` 1. Set r “ 2n´1
31¨32`1 . Then
p “ rark : a32rk : 1s,
where k P t1, 3, 5, 7, 9, 15, 17, 19, 23, 25, 29u.
Proof. Step 0: First, we list all elements in x P F2n that satisfy xm “ 1,
where m is – depending on d from Lemma 4.26 – either 21, 9, 16 ¨ 17 ` 1,
or 32 ¨ 31 ` 1. Note that in each case the set of such x forms a subgroup of
pF2nq˚. We can write each such x as ark for k P t0, . . . ,m ´ 1u, where a is
a multiplicative generator of F2˚n and r “ 2
n´1
m
. Then, we create a list with
all possibilities rA : B : 1s that satisfy the conditions in Lemma 4.26.
Step 1: For each point of the list, we check that the size of its orbit (with
respect to ĆFrob that we have explicitely from Lemma 4.24) is exactly d (and
not smaller), and we take only one point per orbit.
Step 2: For each point, we check whether its orbit is in general position
with the coordinate points r1 : 0 : 0s, r0 : 1 : 0s, r0 : 0 : 1s.
Step 3: We go through each point and each of the 18 automorphisms (that
we have explicitely thanks to Lemma 4.25), and we take only one point.
We list the number of points we obtain after each step:
d Step 0 Step 1 Step 2 Step 3
2 21 9 9 1
3 81 26 20 2
4 273 63 63 4
5 993 198 198 11
.

Remark 4.28. We can transform the orbits back to P2 via
ψ “ η´1 ˝ β´1 ˝ γ´1 ˝ ϕ´1 : P2 99K P2
where they form an orbit with respect to the usual Galois action on P2. We
do it for the cases d “ 2, 3, 4:
GENERATORS OF THE PLANE CREMONA GROUP OVER THE FIELD WITH TWO ELEMENTS47
(1) If d “ 2,
ψppq “ rc2 : c : 1s,
where c “ a21.
(2) If d “ 3 then both orbits lie on the exceptional curves of σ.
(3) If d “ 4, then
ψppq P trc : 1 : 0s, rc : c8 : 1s, rc7 : c12 : 1s, rc4 : c3 : 1s, u
where c “ a273 and we have taken a65 for the root of the polynomial
of degree 6 needed in γ.
Lemma 4.29. Let ρ “ σ˝η : P2 99K D6 be as above (preceding Remark 4.23).
Then
ρ´1 ˝AutF2pD6q ˝ ρ Ă xJ1,AutF2pP2qy.
Proof. Let L be the pull back of a general line in P2 under the blow-up
Y4 Ñ P2 of the two orbits P2 and P3 in P2. We write e2 “ E2,1 ` E2,2 for
the exceptional divisors of P2, and e3 “ E3,1 ` E3,2 ` E3,3 for the ones of
P3. As before (see right before Remark 4.23), ρ contracts E
1
1
“ L´ e2 onto
a point q1 P D6 and E10 “ 2L´ e2 ´ e3 onto a point p1 P D6.
Let α P AutF2pD6q and set p “ αpp1q. If p “ p1 then α induces an
automorphism of the quadric Q, whose conjugation with ρ is generated by
J1 and AutF2pP2q by Lemma 4.11.
So we assume p ‰ p1, and set q “ αpq1q. The blow-up X2 Ñ Y4 of the
image of p and q in Y4 gives a morphism τ : X2 Ñ P2. We denote the
exceptional divisors in X2 of p and q by E0 and E1. We abuse notation and
also denote by L, e2, e3 its pull back in X2. We set E
1
2,j “ L ´ E0 ´ E2,j
for j “ 1, 2 and E1
3,j “ 2L ´ E0 ´ e2 ´
ř
i‰j E3,i for j “ 1, 2, 3. Then
e12 “ E12,1 ` E12,2 is an orbit of size 2, and e13 “
ř
E1
3,j is an orbit of size 3.
Note that E1
0
, E1
1
, e1
2
and e1
3
are pairwise disjoint p´1q-curves on X2. Hence,
contracting E1
0
and E1
1
gives a morphism X2 Ñ Y 14 , and then contracting
e12 and e13 gives τ 1 : X2 Ñ P2. In Remark 4.22 we have seen that up to an
automorphism of P2, one orbit of size 2 and one orbit of size 3 are P2 and
P3. So we can assume that Y
1
4
Ñ D6 and Y 14 Ñ P2 is the resolution of ρ,
that is, Y 1
4
“ Y4. Then we have the following commutative diagram:
X2
Y4 Y4
X7 X7
P2 Q D6 D6 Q P
2
E1 E
1
1
E0
e3
E1
1
E1
1
e2
E1
0
»
α
E1
0
e1
3
E1
e1
2
E1E0
ρ
ρ´1
η σ
.
Let L1 on X2 be the pull-back of a general line under τ 1. We write L1 “
dL ´ř a2,jE2,j ´ř b3,jE3,j ´ c0E0 ´ c1E1. With 0 “ L1 ¨ E11 we find d “
a2,1`a2,2, and with 0 “ L1 ¨E10 we get d “ b3,1`b3,2`b3,3. Having 0 “ L1 ¨E12,j
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we find a “ a2,1 “ a2,2 “ c0 and so d “ 2a. The equations 0 “ L1 ¨E13,j give
b “ b3,1 “ b3,2 “ b3,3 and 2b “ a. Hence we find with 3 “ L1 ¨ p´KX2q that
c1 “ 3pb ´ 1q. Finally, 1 “ pL1q2 yields pb ´ 1qp4b ´ 5q “ 0, which is only
possible for b “ 1. Therefore, L1 “ 4L´ 2e2 ´ 2E0 ´ e3.
We show now that ρ´1 ˝ α ˝ ρ equals ψ1 ˝ ψ, where ψ,ψ1 : P2 99K P2 are as
follows: The birational map ψ is the product of the blow-up Z6
e2Ñ F1 E0Ñ P2,
followed by the contraction Z6 Ñ F1 of the strict transforms of the two
fibers F2,j through e2, which are L ´ E0 ´ E2,j “ E12,j, followed by the
contraction F1 Ñ P2 of the p´1q-curve in F1, which is L´ e2 “ E11. Let L2
be the pull-back of a general line in P2 under the map Z6
e1
2Ñ F1 E
1
1Ñ P2. So
L2 “ 2L ´ E0 ´ e2. The birational map ψ1 is the quadratic transformation
with base points e3, hence it is the blow-up Z
1
6
e3Ñ P2 followed by the
contraction of the three curves through two of the three points of e3, which
are L2 ´
ř
i‰j E3,j “ E13,j. Let L3 be the pull-back of a general line in P2
under Z 16
e1
3Ñ P2. We have L3 “ 2L2 ´ e3 “ 4L ´ 2E0 ´ 2e2 ´ e3, which is
exactly L1. Hence, the following diagram induces an automorphism of P2:
Z 1
6
Z6
F1 F1
P2 P2 P2 P2.
e13
e3
E11
e12 e2
E0
σ´1 ˝ α ˝ σψ
1´1 ψ´1
Finally, note that ψ P J1, and ψ1 is generated by J1 and AutF2pP2q by
Lemma 4.5. 
4.6. Proof of Theorem 2. In the last sections we have proved Proposi-
tion 4.2:
Proof of Proposition 4.2. This was proved in Lemma 4.8 for P2, in Lemma 4.12
for Q, in Lemma 4.18 for D5, and in Lemma 4.27 for D6, where we have
given a description of each Galois orbit of size d. 
We recall shortly that PGL3pF2q is generated by two elements:
Remark 4.30. Note that AutF2pP2q » PGL3pF2q has 168 elements, and it is
generated by two matrices. (Every finite simple group is generated by two
elements, see [Ste62,Mil01,AG84].) Explicitely, the generators can be chosen
to be A “
´
1 1 0
0 1 0
0 0 1
¯
and B “
´
0 0 1
1 0 0
0 1 0
¯
. This can be seen either by translating
Steinberg’s generators into matrix form, or by taking from [BL09] the three
generators B, B2 “
´
1 0 0
0 0 1
0 1 0
¯
, and B3 “
´
1 0 0
0 0 1
0 1 1
¯
of PGL3pF2q and observing
that
B2 “pABq3BpABq3,
B3 “pBAq3BpBAq2.
We recall the following statement for the explicit description of the maps
in Theorem 2.
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Lemma 4.31. Let k be an algebraically closed field. Let p1, . . . , pd Ă P2
be a set of d points, and let σ : X Ñ P2 be the blow-up at these points with
exceptional divisors E1, . . . , Ed. Denote by L the pull-back of a general line
in P2. Let σ1 : X Ñ P2 be the contraction of some p´1q-curves E11, . . . , E1d,
and denote by L1 the pull-back of a general line in P2.
(1) If d “ 5 and E11 “ 2L´
ř
5
i“1Ei, E
1
j “ L´E1´Ej for j “ 2, . . . , 5,
then
L1 “ 3L´ 2E1 ´
5ÿ
i“2
Ei.
(2) If d “ 6 and E1j “ 2L´
ř
i‰j Ei for j “ 1, . . . , 6, then
L1 “ 5L´ 2
6ÿ
i“1
Ei.
(3) If d “ 7 and E1j “ 3L´ 2Ej ´
ř
i‰j Ei for j “ 1, . . . , 7, then
L1 “ 8L´ 3
7ÿ
i“1
Ei (Geiser involution).
(4) If d “ 8 and E1j “ 6L´ 3Ej ´ 2
ř
i‰j Ei, then
L1 “ 17L´ 6
8ÿ
i“1
Ei (Bertini involution).
Proof. To see that the contraction σ1 : X Ñ P2 exists, it is enough to check
that the E1i are p´1q-curves that do not intersect pairwisely, that is, E12i “
´1 and Ei ¨ Ej “ 0 for i ‰ j. Then we write L1 “ dL´
řd
i“1 aiEi, and find
the values for d and ai via the equations 0 “ L1 ¨E1j , 3 “ p´KXq ¨L1 (where
´KX “ 3L´
řd
i“1Ei) and 1 “ pL1q2. 
Finally, the proof of Theorem 2.
Proof of Theorem 2. In Proposition 2.1 we have seen that BirF2pP2q is gen-
erated by J1, J4, J2 and Gď8. By Lemma 3.2, J1 is generated by AutF2pP2q
and Λ1. Proposition 3.26 shows that Ji is generated by AutF2pP2q, J1 and
Λi for i “ 2, 4. Since automorphisms of the plane lie in Gď8, the Cremona
group BirF2pP2q is generated by Gď8, Λ1, Λ4 and Λ2.
It remains to give a bound on the number of elements of Gď8 that are
needed to generate Gď, together with J1 and AutF2pP2q, and describe them
explicitely (see Lemma 4.31). Let ϕ : P2 99K P2 be a birational map such
that the size of all base orbits is ď 8. Then, by Iskovskikh’s list,
ϕ “ ϕn ˝ ¨ ¨ ¨ ˝ ϕ1,
where ϕi : Si 99K Si`1 is a link of type II between two Mori fiber spaces
Si Ñ t˚u, and Si is either P2, the quadric Q, D5 or D6. For these del Pezzo
surfaces S, we have described in Sections 4.2, 4.3, 4.4 and 4.5 a birational
map ρ : P2 99K S. We have proved that ρ´1 ˝AutF2pSq ˝ ρ is generated by J1
and AutF2pP2q in Lemmas 4.11, 4.20 and 4.29. We can write
ϕ “ ϕn ˝ ρn ˝ ρ´1n ˝ ϕn´1 ˝ ¨ ¨ ¨ ˝ ϕ2 ˝ ρ2 ˝ ρ´12 ˝ ϕ1,
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which gives us a decomposition of ϕ into birational maps ρ´1i`1 ˝ ϕi ˝ ρi for
i “ 1, . . . , n, where ρ1 “ ρn`1 “ idP2 . If Si`1 ‰ Si, then we can assume with
automorphisms of Si`1 and P2 that ϕi ˝ ρi “ ρi`1, and so they are cancelled
out by ρ´1i`1. The remaining ϕi are links Si 99K Si of type II, with a base
orbit of size di ď 8 and the blow-up X Ñ Si at the orbit is again a del
Pezzo surface, hence the orbit lies in general position on Si. More precisely,
Iskovskikh’s list in [Isk96] gives that
di P
$’’’’&’’’’%
t3, 6, 7, 8u if Si “ P2,
t3, 4u if Si “ D5,
t4, 6, 7u if Si “ Q,
t2, 3, 4, 5u if Si “ D6.
Hence, to give an upper bound on the number of elements of Gď8 that are
needed to generate BirF2pP2q – besides J1 and AutF2pP2q, it is enough to
count the orbits of size d on S that are in general position, up to automor-
phisms of S. We have done this in Proposition 4.2: There are 108. However,
in Lemma 4.5 we have seen that links P2 99K P2 of type II with base orbit of
size 3 are generated by J1 and AutF2pP2q and are therefore not needed. So
this gives 107. Then, AutF2pP2q » PGL3pF2q is generated by two elements,
A “
´
1 1 0
0 1 0
0 0 1
¯
and B “
´
0 0 1
1 0 0
0 1 0
¯
(see Remark 4.30). Hence, we can choose A
and B together with the 107 elements from the list, and obtain a subset H
of Gď8 with 109 elements that generate Gď8, together with J1.
Hence, BirF2pP2q is generated by H, Λ1, Λ2, and Λ4. The description of
the elements comes from Lemma 4.31. 
With the explicit Galois orbits one can directly compute the correspond-
ing birational map. We give one example.
Example 4.32. The birational maps P2 99K P2 given by rx : y : zs ÞÑ rf0 :
f1 : f2s coming from the two orbits in P2 of size d “ 6 from Lemma 4.8 are:
f0 “x5 ` x4y ` xy4 ` x2y2z ` x3z2 ` x2yz2 ` xy2z2 ` x2z3 ` xyz3 ` yz4,
f1 “x4y ` x3y2 ` xy4 ` y5 ` xy3z ` x2yz2 ` xy2z2 ` y3z2 ` xyz3 ` y2z3 ` xz4,
f2 “x3y2 ` x4z ` x3yz ` x2y2z ` y4z ` x3z2 ` x2yz2 ` xy2z2 ` xz4 ` yz4 ` z5,
and
f0 “x4y ` x3y2 ` xy4 ` x4z ` x3yz ` x2y2z ` xy2z2 ` xyz3 ` xz4 ` z5,
f1 “x5 ` x4y ` x2y3 ` y5 ` xy3z ` x2yz2 ` y3z2 ` xz4 ` yz4 ` z5,
f2 “x5 ` x3yz ` x2y2z ` y4z ` x2yz2 ` xy2z2 ` y2z3 ` yz4 ` z5.
In fact, these are involutions.
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